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A B S T R A C T  

In our present investigation, we extend the work of  [1] and define a new 

subclass of analytic functions in conic regions using the linear 𝑞 -difference 

operator. In [1] certain new classes of analytic functions were introduced 

and their properties were widely investigated. They derived various 

subordination conditions and coefficient bounds. In this article    we obtain 

several coefficients bounds and other subordination results for functions 

belonging to the newly defined class. These coefficient bounds can be used 

to estimate the area and arc length problems in Geometric Function 

Theory. 

K e y w o r d s : Analytic functions, subordination, conic domain, linear 𝑞 -

differential operator.

 

1 | INTRODUCTION 

Let  A  denotes the class of all function  𝑓(𝑧)  which are analytic in the open unit disk  𝐸 = {𝑧 ∈ 𝐶:  |𝑧| <

1}  and normalized by  𝑓(0) = 0  and  𝑓 ′(0) = 1,  so each  𝑓 ∈ 𝐴  has the series expansion of the form: 

𝑓(𝑧) = 𝑧 + ∑∞
𝑛=2 𝑎𝑛𝑧

𝑛.                                                                     (1) 

A function  𝑓  :   𝐸 → 𝐶  is called univalent on  𝐸  if  𝑓(𝑧1) ≠ 𝑓(𝑧2)  for all  𝑧1 ≠ 𝑧2,   𝑧1, 𝑧2 ∈ 𝐸.  Let  S ⊂ 𝐴  

be the class of all functions which are univalent in  𝐸 [2]. Recall  𝐷 ⊂ 𝐶  is said to be a starlike with respect 

to the point  𝑑0 ∈ 𝐷  if and only if the line segment  joining  𝑑0  to every other point  𝑑 ∈ 𝐷  lies entirely in  

𝐷 , while the set  𝐷  is said to be convex if and only if it is starlike with respect to each of its points. 

Navanlinna proved that 𝑓  maps  𝐸  onto a starlike domain with respect to  𝑑0 = 0  if and only if  

ℜ(
𝑧𝑓 ′(𝑧)

𝑓(𝑧)
) > 0, 𝑧 ∈ 𝐸, 

while  𝑓  maps  𝐸  onto a convex domain if and only if  

ℜ(
(𝑧𝑓 ′(𝑧))

′

𝑓 ′(𝑧)
) > 0, 𝑧 ∈ 𝐸. 

https://jirmcs.agasr.org/index.php/jirmcs
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By  𝑆∗  and  𝐾   we mean the subclasses of  𝑆  composed of starlike and convex functions. In 1991, [3] 

introduced the class  UCV  of uniformly convex functions which was extensively studied by Ronning and 

independently [4], [5]. A more convenient characterization of class  UCV  was given by Ma and Minda as: 

𝑓(𝑧) ∈ UCV ⇔ 𝑓(𝑧) ∈ A and ℜ{1 +
𝑧𝑓″(𝑧)

𝑓 ′(𝑧)
} > |

𝑧𝑓″(𝑧)

𝑓 ′(𝑧)
| ,     𝑧 ∈ 𝐸. 

In 1999, [6] introduced the class  𝑘 − uniformly convex functions,  𝑘 ≥ 0,  denoted by  𝑘 − UCV  and a 

related class  𝑘 − ST  as: 

 

 

The class  𝑘 − UCV  was discussed earlier in [7], see also [6] with same extra restriction and without 

geometrical interpretation by [6]. In 1985, Nasr et.al, studied a natural extension of classical starlikness in 

order terminology. We say that a function  𝑓(𝑧) ∈ A  is in the class  S𝑘,𝛾
∗ ,   𝑘 ≥ 0,   𝛾 ∈ 𝐶\{0},  if and only if 

ℜ{
1

𝛾
(
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1)} > 𝑘 |

1

𝛾
(
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 1)| ,     𝑧 ∈ 𝐸. Several author investigated the properties of the class,  S𝑘,𝛾

∗   

and their generalizations in several directions for detail study see [3], [7]–[14].  

The convolution or Hadamard product of two functions  𝑓  and  𝑔  is denoted by  𝑓 ∗ 𝑔  is defined as  

(𝑓 ∗ 𝑔)𝑧) = ∑

∞

𝑛=0

𝑎𝑛𝑏𝑛𝑧
𝑛, 

where  𝑓(𝑧)  is given by (1) and  𝑔(𝑧) = ∑

𝑛=2
∞

𝑏𝑛𝑧
𝑛,     (𝑧 ∈ 𝐸).  

If  𝑓(𝑧)  and  𝑔(𝑧)  are analytic in  𝐸 , we say that  𝑓(𝑧)  is subordinate to  𝑔(𝑧) , written as  𝑓(𝑧) ≺ 𝑔(𝑧) , if 

there exists a Schwarz function  𝑤(𝑧) , which is analytic in  𝐸  with  𝑤(0) = 0  and  |𝑤(𝑧)| < 1  such that  

𝑓(𝑧) = 𝑔(𝑤(𝑧)) . Furthermore, if the function  𝑔(𝑧)  is univalent in  𝐸 , then we have the following 

equivalence, see [2], [15]–[17].  

𝑓(𝑧) ≺ 𝑔(𝑧) ⇔ 𝑓(0) = 𝑔(0) and 𝑓(𝐸) ⊂ 𝑔(𝐸).     𝑧 ∈ 𝐸. 

The operators play a significant role in geometric theory of functions. Many differential and integral 

operators can be written in term of convolution, for details we refer [18]. It is worth mentioning that the 

technique of convolution helps researchers in further investigation of geometric properties of analytic 

functions. 

For  𝑡 ∈ 𝑅  and  𝑞 > 0 ,  𝑞 ≠ 1 , the number  [𝑡, 𝑞]  is defined in [19] as: 

[𝑡, 𝑞] =
1 − 𝑞𝑡

1 − 𝑞
,  [0, 𝑞] = 0. 

For non-negative integer  𝑛  the  𝑞 -number shift factorial is defined by 

[𝑛, 𝑞]! = [1, 𝑞][2, 𝑞][3, 𝑞]. . . [𝑛, 𝑞],    ([0, 𝑞]! = 1). 

We note that when  𝑞 → 1,   [𝑛, 𝑞]!  reduces to classical definition of factorial. 

For  𝑓 ∈ 𝐴,  the  𝑞 -derivative operator or  𝑞 -difference operator is defined as: 

.STUCV −− kfzkf
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∂𝑞𝑓(𝑧) =
𝑓(𝑞𝑧) − 𝑓(𝑧)

𝑧(𝑞 − 1)
,   𝑧 ∈ 𝐸, 𝑧 ≠, 𝑞 ≠ 1. 

It can easily be seen that for  𝑛 ∈ 𝑁 = {1,2,3, . . . }  and  𝑧 ∈ 𝐸.  

∂𝑞𝑧
𝑛 = [𝑛, 𝑞]𝑧𝑛−1,   ∂𝑞 {∑

∞

𝑛=1

𝑎𝑛𝑧
𝑛} = ∑

∞

𝑛=1

[𝑛, 𝑞]𝑎𝑛𝑧
𝑛−1. 

The  𝑞 -generalized Pochhammer symbol for  𝑡 ∈ 𝑅  and  𝑛 ∈ 𝑁  is defined by. 

[𝑡, 𝑞]𝑛 = [𝑡, 𝑞][𝑡 + 1, 𝑞][𝑡 + 2, 𝑞]. . . [𝑡 + (𝑛 − 1), 𝑞], 

and for  𝑡 > 0 , let  𝑞 -gamma function is given by. 

Γ𝑞(𝑡 + 1) = [𝑡, 𝑞]Γ𝑞(𝑡)   and Γ𝑞(1) = 1. 

Definition [19] For  𝑓 ∈ A,  let the Ruscheweyh  𝑞 -difference operator be defined as follows: 

𝑅𝑞
𝜆𝑓(𝑧) = 𝑓(𝑧) ∗ 𝐹𝑞,𝜆+1(𝑧),     (𝑧 ∈ 𝐸, 𝜆 > −1)                                        (1.11) 

Where 

𝐹𝑞,𝜆+1(𝑧) = 𝑧 + ∑
∞
𝑛=2

Γ𝑞(𝑛+𝜆)

[𝑛−1,𝑞]!Γ𝑞(1+𝜆)
𝑧𝑛 = 𝑧 + ∑∞

𝑛=2
[𝜆+1,𝑞]𝑛−1

[𝑛−1,𝑞]!
𝑧𝑛.                     (1.12) 

The symbol "*" stands for Hadamard product (or convolution). 

From (1.11) we obtain that 

𝑅𝑞
0𝑓(𝑧) = 𝑓(𝑧),   𝑅𝑞

1𝑓(𝑧) = 𝑧 ∂𝑞𝑓(𝑧) 

and 

𝑅𝑞
𝑚𝑓(𝑧) =

𝑧 ∂𝑞
𝑚(𝑧𝑚−1𝑓(𝑧))

[𝑚, 𝑞]!
,     (𝑚 ∈ 𝑁). 

Making use of (1.11) and (1.12), the power series of  𝑅𝑞
𝜆𝑓(𝑧)  is given by. 

𝑅𝑞
𝜆𝑓(𝑧) = 𝑧 +∑

∞

𝑛=2

Γ𝑞(𝑛 + 𝜆)

[𝑛 − 1, 𝑞]!Γ𝑞(1 + 𝜆)
𝑎𝑛𝑧

𝑛 

= 𝑧 +∑

∞

𝑛=2

[𝜆 + 1, 𝑞]𝑛−1
[𝑛 − 1, 𝑞]!

𝑎𝑛𝑧
𝑛 

= 𝑧 + ∑∞
𝑛=2 𝜓𝑛−1𝑎𝑛𝑧

𝑛.                                                                (1.13) 

where  

𝜓𝑛−1 =
[𝜆 + 1, 𝑞]𝑛−1
[𝑛 − 1, 𝑞]!

. 

Note that 

𝑙𝑖𝑚

𝑞→1−

𝐹𝑞,𝜆+1(𝑧) =
𝑧

(1 − 𝑧)𝜆+1
 

and 

𝑙𝑖𝑚

𝑞→1−

𝑅𝑞
𝜆𝑓(𝑧) = 𝑓(𝑧) ∗

𝑧

(1 − 𝑧)𝜆+1
. 

It is worth mentioning that 𝑞 − differential operator reduces to the differential operator defined by [2] 

in the case when  𝑞 → 1−.  It is easy to check that 



36   

 

𝑧 ∂(𝐹𝑞,𝜆+1(𝑧)) = (1 +
[𝜆,𝑞]

𝑞𝜆
)𝐹𝑞,𝜆+2(𝑧) −

[𝜆,𝑞]

𝑞𝜆
𝐹𝑞,𝜆+1(𝑧).                           (1.14) 

Making use of (1.11), (1.14) and the properties of Hadamard product, we obtain the following equality. 

𝑧 ∂𝑞(𝑅𝑞
𝜆𝑓(𝑧)) = (1 +

[𝜆,𝑞]

𝑞𝜆
)𝑅𝑞

𝜆+1𝑓(𝑧) −
[𝜆,𝑞]

𝑞𝜆
𝑅𝑞
𝜆𝑓(𝑧).                          (1.15) 

If  𝑞 → 1− , the equality (1.15) implies. 

𝑧(𝑅𝑞
𝜆𝑓(𝑧))

′
= (1 + 𝜆)𝑅𝜆+1𝑓(𝑧) − 𝜆𝑅𝜆𝑓(𝑧). 

which is the well-known recurrent formula for Ruscheweyh differential operator. 

Taking motivation from the work of  [20]–[22], we introduce new subclasses  𝑘 − USCVJ𝑞
𝜆(𝛾), 𝛾 ∈ 𝐶\{0}.of 

analytic functions defined as: 

Definition 𝟷:  Let  𝑓(𝑧) ∈ A . Then  𝑓(𝑧)  is in the class  𝑘 − USCVJ𝑞
𝜆(𝛾), 𝛾 ∈ 𝐶\{0} ,  if it satisfies the 

condition. 

ℜ{1 +
1

𝛾
(𝐽(𝜆, 𝛼, 𝑞, 𝑧) − 1)} > 𝑘 |

1

𝛾
(𝐽(𝜆, 𝛼, 𝑞, 𝑧) − 1)| ,    𝑧 ∈ 𝐸. 

where  

𝐽(𝜆, 𝛼, 𝑞, 𝑧) =
𝑧 ∂𝑞𝑅𝑞

𝜆𝑓(𝑧) + 𝛼𝑧2 ∂𝑞
2𝑅𝑞

𝜆𝑓(𝑧)

(1 − 𝛼)𝑅𝑞
𝜆𝑓(𝑧) + 𝛼𝑧 ∂𝑞𝑅𝑞

𝜆𝑓(𝑧)
=
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

, 

with 

𝑔(𝑧) = 𝛼𝑧 ∂𝑞𝑓(𝑧) + (1 − 𝛼)𝑓(𝑧).                                                   (1.16) 

By taking specific values of parameters, we obtain many important subclasses studied by various 

authors in earlier papers. Here we inlist some of them. 

(i) For  𝛼 = 0,  the class  𝑘 − USCVJ𝑞
𝜆(𝛾)  reduces into the class  𝑘 − USJ𝑞

𝜆(𝛾). 

i. For  𝛼 = 0,   𝜆 = 0,   𝑞 → 1,  and  𝛾 =
1

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  𝑘 − USCVJ𝑞

𝜆(𝛾)  reduces into the 

class  SD(𝑘, 𝛽)  and  𝛼 = 0, 𝜆 = 0,   𝑞 → 1,  and  𝛾 =
2

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  𝑘 − USCVJ𝑞

𝜆(𝛾)  

reduces into the class  KD(𝑘, 𝛽),  studied by both Shams et.al and Owa et.al [1], [23], [24]. 

ii.  For  𝛼 = 0,   𝑘 = 1,   𝜆 = 0,   𝑞 → 1,  and  𝛾 =
1

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  𝑘 − USCVJ𝑞

𝜆(𝛾)  reduces 

into the class  S𝑝(𝛽)  and  𝛼 = 0,   𝑘 = 1,   𝜆 = 0,   𝑞 → 1,  and  𝛾 =
2

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  

𝑘 − USCVJ𝑞
𝜆(𝛾)  reduces into the class  K𝑝(𝛽),  studied by [25]. 

iii. For  𝛼 = 0, 𝜆 = 0,   𝑞 → 1,  the class  𝑘 − USCVJ𝑞
𝜆(𝛾)  reduces into the class  K − ST  and  𝛼 =

1, 𝜆 = 0,   𝑞 → 1,  the class  𝑘 − USCVJ𝑞
𝜆(𝛾)  reduces into the class  𝑘 − UCV , introduced by [8], 

[26]. 

iv. For  𝛼 = 0, 𝑘 = 0,   𝜆 = 0,   𝑞 → 1,  and  𝛾 =
1

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  𝑘 − USCVJ𝑞

𝜆(𝛾)  reduces 

into the class  S∗(𝛽)  and  𝑘 = 0,   𝛼 = 0,   𝜆 = 0,   𝑞 → 1,  and  𝛾 =
2

1−𝛽
,   𝛽 ∈ 𝐶\{1},  the class  𝑘 −

USCVJ𝑞
𝜆(𝛾)  reduces into the class  C(𝛽),  well-known classes of starlike and convex of order 

respectively. 
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Geometric Interpretation 

A function  𝑓(𝑧) ∈ A  is in the class  𝑘 − USCVJ𝑞
𝜆(𝛾)  if and only if  𝐽(𝜆, 𝛼, 𝑞, 𝑧)  takes all the values in the 

conic domain  Ω𝑘,𝛾 = 𝑝𝑘,𝛾(𝐸)  such that. 

Ω𝑘,𝛾 = 𝛾Ω𝑘 + (1 − 𝛼), 

where 

Ω𝑘 = {𝑢 + 𝑖𝑣  :   𝑢 > 𝑘√(𝑢 − 1)
2 + 𝑣2}. 

Since  𝑝𝑘,𝛾(𝑧)  is convex univalent, so above definition can be written as 

𝐽(𝜆, 𝛼, 𝑞, 𝑧) ≺ 𝑝𝑘,𝛾(𝑧), 

where 

𝑝𝑘,𝛾(𝑧) =

{
 
 
 
 
 

 
 
 
 
 

1 + (1 − 2𝛾)𝑧

1 − 𝑧
,                                                            for 𝑘 = 0,

1 +
2𝛾

𝜋2
(𝑙𝑜𝑔

1 + √𝑧

1 − √𝑧
)

2

,                                               for 𝑘 = 1,

1 +
2𝛾

1 − 𝑘2
𝑠𝑖𝑛ℎ2 {(

2

𝜋
𝑎𝑟𝑐𝑐𝑜𝑠 𝑘)𝑎𝑟𝑐𝑡𝑎𝑛 ℎ √𝑧} ,             for 0 < 𝑘 < 1,

1 +
𝛾

𝑘2 − 1
𝑠𝑖𝑛(

𝜋

2𝑅(𝑡)
∫

𝑢(𝑧)

√𝑡

0

1

√1 − 𝑥2√1− (𝑡𝑥)2
𝑑𝑥)+

𝛾

1 − 𝑘2
,       for 𝑘 > 1.

 

 

The boundary  ∂Ω𝑘,𝛾  of the above set becomes have some nice geometry representing different conic 

domains for specializing the parameter. For instance, the right half plane when  𝑘 = 0,  while a hyperbola 

when  0 < 𝑘 < 1.  For  𝑘 = 1  the boundary  ∂Ω𝑘,𝛾  becomes a parabola and it is an ellipse when  𝑘 > 1  and 

in this case and  𝑡 ∈ (0,1)  is chosen such that  𝑘 = 𝑐𝑜𝑠ℎ( 𝜋𝐾′(𝑡)/(4𝐾(𝑡))) . Here  𝐾(𝑡)  is Legender's complete 

elliptic integral of first kind and  𝐾′(𝑡) = 𝐾(√1 − 𝑡2 ) and  𝐾′(𝑡)  is the complementary integral of  𝐾(𝑡)  for 

details see [8], [26], [27]. Moreover,  𝑝𝑘,𝛾(𝐸)  is convex univalent in  𝐸 [8], [26]. All of these curves have the 

vertex at the point  
𝑘+𝛾

𝑘+1
 

2 | PRELIAMINARIES 

In this section we present some important lemmas which will be useful in our current investigation. 

Lemma 1. [28]  Let  𝑝(𝑧) = ∑∞𝑛=1 𝑝𝑛𝑧
𝑛 ≺ 𝐹(𝑧) = ∑∞𝑛=1 𝑑𝑛𝑧

𝑛  in  𝐸.  If  𝐹(𝑧)  is convex univalent in  𝐸     

then 

|𝑝𝑛| ≤ |𝑑1|,   𝑛 ≥ 1. 

Lemma 2 [29].  Let  𝑘 ∈ [0,∞)  be fixed and let  𝑝𝑘,𝛾  be defined (8). If 

𝑝𝑘,𝛾(𝑧) = 1 + 𝑑1𝑧 + 𝑑2𝑧
2+. .. 

𝑑1 =

{
  
 

  
 

2𝛾𝐴2

1 − 𝑘2
, 0 ≤ 𝑘 < 1

8𝛾

𝜋2
, 𝑘 = 1,

𝜋2𝛾

4(1 + 𝑡)√𝑡𝐾2(𝑡)(𝑘2 − 1)
, 𝑘 > 1,
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𝑑2 =

{
  
 

  
 

𝐴2 + 2

3
𝑑1, 0 ≤ 𝑘 < 1

2

3
𝑑1, 𝑘 = 1,

4𝐾2(𝑡)(𝑡2 + 6𝑡 + 1) − 𝜋2

24𝐾2(𝑡)(1 + 𝑡)√𝑡
𝑑1, 𝑘 > 1,

 

where  𝐴 =
2 𝑐𝑜𝑠−1 𝑘

𝜋
,  and  𝑡 ∈ (0,1 ) is chosen such that   𝑘 = 𝑐𝑜𝑠ℎ (

𝜋𝐾′(𝑡)

𝐾(𝑡)
),  𝐾(𝑡)  is the Legendre's 

complete elliptic integral of the first kind. 

Lemma 3. [3] Let  𝑝(𝑧) = 1 + ∑∞𝑛=1 𝑐𝑛𝑧
𝑛 ∈ 𝑃,  let  𝑝(𝑧)  be analytic in  𝐸  and satisfy  𝑅𝑒{ 𝑝(𝑧)} > 0  for  𝑧  

in  𝐸 , then the following sharp estimate holds. 

|𝑐2 − 𝜇𝑐1
2| ≤ 2𝑚𝑎𝑥{1, |2𝜇 − 1|},  ∀𝜇 ∈ 𝐶. 

3 | MAIN RESULTS 

Theorem 1:  Let  𝑔(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾).  Then  

𝑅𝑞
𝜆𝑔(𝑧) ≺ 𝑧 𝑒𝑥𝑝∫

𝑧

0

𝑝𝑘,𝛾(𝑤(𝜉))−1

𝜁
𝑑𝜉,                                         (3.1) 

where  𝑤(𝑧)  is analytic in  𝐸  with  𝑤(0) = 0  and  |𝑤(𝑧)| < 1.  Moreover, for  |𝑧| = 𝜌,  we have 

𝑒𝑥𝑝 (∫
1

0

𝑝𝑘,𝛾(−𝜌)−1

𝜌
𝑑𝜌) ≤ |

𝑅𝑞
𝜆𝑔(𝑧)

𝑧
| ≤ 𝑒𝑥𝑝 (∫

1

0

𝑝𝑘,𝛾(𝜌)−1

𝜌
𝑑𝜌),                   (3.2) 

where  𝑔(𝑧) is given in (1.16). 

 

 Proof :  If  𝑔(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾),  then using the definition 1, we have  

𝑧 ∂𝑞𝑅𝑞
𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

−
1

𝑧
=
𝑝𝑘,𝛾(𝑤(𝑧)) − 1

𝑧
. 

For some function  𝑤(𝑧)  is analytic in  𝐸  with  𝑤(0) = 0  and  |𝑤(𝑧)| < 1.  Integrating above relation and 

after some simplification with some properties of subordination, we have. 

𝑅𝑞
𝜆𝑔(𝑧) ≺ 𝑧 𝑒𝑥𝑝∫

𝑧

0

𝑝𝑘,𝛾(𝑤(𝜉))−1

𝜁
𝑑𝜉.                                              (3.3) 

This proves (3.1). Noting that the univalent function  𝑝𝑘,𝛾(𝑧)  maps the disk  |𝑧| < 𝜌   (0 < 𝜌 ≤ 1)  onto a 

region which is convex and symmetric with respect to the real axis, we see. 

𝑝𝑘,𝛾(−𝜌|𝑧|) ≤ ℜ{𝑝𝑘,𝛾(𝑤(𝜌𝑧)} ≤ 𝑝𝑘,𝛾(𝜌|𝑧|)    (0 < 𝜌 ≤ 1,   𝑧 ∈ 𝐸).                (3.4) 

Using (3.3) and (3.4) gives 

∫
1

0

𝑝𝑘,𝛾(−𝜌|𝑧|) − 1

𝜌
𝑑𝜌 ≤ ℜ∫

1

0

𝑝𝑘,𝛾(𝑤(𝜌(𝑧)) − 1

𝜌
𝑑𝜌 ≤ ∫

1

0

𝑝𝑘,𝛾(𝜌|𝑧|) − 1

𝜌
𝑑𝜌, 

for  𝑧 ∈ 𝐸 . Consequently, subordination (14) leads us to  

∫
1

0

𝑝𝑘,𝛾(−𝜌|𝑧|) − 1

𝜌
𝑑𝜌 ≤ 𝑙𝑜𝑔 |

𝑅𝑞
𝜆𝑔(𝑧)

𝑧
| ≤ ∫

1

0

𝑝𝑘,𝛾(𝜌|𝑧|) − 1

𝜌
𝑑𝜌 

𝑝𝑘,𝛾(−𝜌) ≤ 𝑝𝑘,𝛾(−𝜌|𝑧|), 𝑝𝑘,𝛾(𝜌|𝑧|) ≤ 𝑝𝑘,𝛾(𝜌) 

implies that  
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𝑒𝑥𝑝∫
1

0

𝑝𝑘,𝛾(−𝜌) − 1

𝜌
𝑑𝜌 ≤ |

𝑅𝑞
𝜆𝑔(𝑧)

𝑧
| ≤ 𝑒𝑥𝑝∫

1

0

𝑝𝑘,𝛾(𝜌) − 1

𝜌
𝑑𝜌. 

This completes the proof. 

For  𝛼 = 0,  we have the following known result, proved in [23]. 

 Corollary. [21]  Let  𝑓(𝑧) ∈ 𝑘 − USJ𝑞
𝜆(𝛾).  Then  

𝑅𝑞
𝜆𝑓(𝑧) ≺ 𝑧 𝑒𝑥𝑝∫

𝑧

0

𝑝𝑘,𝛾(𝑤(𝜉)) − 1

𝜁
𝑑𝜉, 

where  𝑤(𝑧)  is analytic in  𝐸  with  𝑤(0) = 0  and  |𝑤(𝑧)| < 1.  Moreover, for  |𝑧| = 𝜌,  we have 

𝑒𝑥𝑝 (∫
1

0

𝑝𝑘,𝛾(−𝜌) − 1

𝜌
𝑑𝜌) ≤ |

𝑅𝑞
𝜆𝑓(𝑧)

𝑧
| ≤ 𝑒𝑥𝑝(∫

1

0

𝑝𝑘,𝛾(𝜌) − 1

𝜌
𝑑𝜌). 

 Theorem 2:   If  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾).  Then 

|𝑎2| ≤
𝛿

{1+𝛼𝑞}𝜓1
,                                                                   (3.5) 

and  

             |𝑎𝑛| ≤
𝛿

[𝑛−1,𝑞]!{1+𝛼𝑞[𝑛−1,𝑞]}!𝜓𝑛−1
∏𝑛−2
𝑗=1 (1 +

𝛿

[𝑗,𝑞]
) ,       for 𝑛 = 3,4, . . ..                     (3.6) 

where  𝛿 =
|𝑑1|

𝑞
  . 

 Proof:  Let  

𝑧 ∂𝑞𝑅𝑞
𝜆𝑓(𝑧)+𝛼𝑧2 ∂𝑞

2𝑅𝑞
𝜆𝑓(𝑧)

(1−𝛼)𝑅𝑞
𝜆𝑓(𝑧)+𝛼𝑧∂𝑞𝑅𝑞

𝜆𝑓(𝑧)
=

𝑧 ∂𝑞𝑅𝑞
𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

= 𝑝(𝑧).                               (3.7) 

where  𝑝(𝑧)  is analytic in  𝐸  and  𝑝(0) = 1.  Let  𝑝(𝑧) = 1 + ∑∞𝑛=1 ℎ𝑛𝑧
𝑛  and  𝑅𝑞

𝜆𝑓(𝑧)  is given by (1.13). 

Then (3.7) becomes.  

𝑧 +∑

∞

𝑛=2

{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}[𝑛, 𝑞]𝜓𝑛−1𝑎𝑛𝑧
𝑛 

 

= (∑

∞

𝑛=0

ℎ𝑛𝑧
𝑛) {𝑧 +∑

∞

𝑛=2

{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1𝑎𝑛𝑧
𝑛}. 

Now comparing the coefficients of  𝑧𝑛 , we obtain 

{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}[𝑛, 𝑞]𝜓𝑛−1𝑎𝑛 

 

= {1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1𝑎𝑛 +∑

𝑛−1

𝑗=1

{1 + 𝛼𝑞[𝑗 − 1, 𝑞]}𝜓𝑗−1𝑎𝑗ℎ𝑛−𝑗 . 

which implies 

𝑎𝑛 =
1

𝑞[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1
∑

𝑛−1

𝑗=1

{1 + 𝛼𝑞[𝑗 − 1, 𝑞]}𝜓𝑗−1𝑎𝑗ℎ𝑛−𝑗 . 

Using the results that  |ℎ𝑛| ≤ |𝑑1|  given in [27], we have 

|𝑎𝑛| ≤
|𝑑1|

𝑞[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1
∑

𝑛−1

𝑗=1

{1 + 𝛼𝑞[𝑗 − 1, 𝑞]}𝜓𝑗−1|𝑎𝑗|. 
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Let us take  𝛿 =
|𝑑1|

𝑞
, and using lemma2, we have  

|𝑎𝑛| ≤
𝛿

[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1
∑

𝑛−1

𝑗=1

{1 + 𝛼𝑞[𝑗 − 1, 𝑞]}𝜓𝑗−1|𝑎𝑗|. 

For  𝑛 = 2 , we have  

|𝑎2| ≤
𝛿

{1 + 𝛼𝑞}𝜓1
, 

which shows that (3.6) holds for  𝑛 = 2 . To prove (3.6) we use principle of mathematical induction, for this, 

consider the case  𝑛 = 3  

|𝑎3| ≤
𝛿

[2, 𝑞]{1 + 𝛼𝑞[2, 𝑞]}𝜓2
{1 + {1 + 𝛼𝑞}𝜓1|𝑎2|}. 

Using (3.5), we have 

|𝑎3| ≤
𝛿

[2, 𝑞]{1 + 𝛼𝑞[2, 𝑞]}𝜓2
{1 + 𝛿}. 

which shows that 3.6) holds for  𝑛 = 3 . Let us assume that (3.6) is true for  𝑛 ≤ 𝑡 , that is, 

|𝑎𝑡| ≤
𝛿

[𝑡 − 1, 𝑞]! {1 + 𝛼𝑞[𝑡 − 1, 𝑞]}! 𝜓𝑡−1
∏

𝑡−2

𝑗=1

(1 +
𝛿

[𝑗, 𝑞]
) ,       for 𝑛 = 3,4, . . .. 

Consider  

|𝑎𝑡+1| ≤
𝛿

[𝑡, 𝑞]{1 + 𝛼𝑞[𝑡, 𝑞]}𝜓𝑡
{

1 + {1 + 𝛼𝑞}𝜓1|𝑎2| + {1 + 𝛼𝑞[2]}𝜓2|𝑎3|

+{1 + 𝛼𝑞[3]}𝜓3|𝑎4|+. . . {1 + 𝛼𝑞[𝑡 − 1]}𝜓𝑡−1|𝑎𝑡|
} 

 

≤
𝛿

[𝑡, 𝑞]{1 + 𝛼𝑞[𝑡, 𝑞]}𝜓𝑡

{
 
 

 
 1 + 𝛿 + 𝛿 (1 +

𝛿

[1, 𝑞]
) + 𝛿 (1 +

𝛿

[1, 𝑞]
) (1 +

𝛿

[2, 𝑞]
)

+. . . 𝛿∏

𝑡−2

𝑗=1

(1 +
𝛿

[𝑗, 𝑞]
)

}
 
 

 
 

 

=
𝛿

[𝑡, 𝑞]! {1 + 𝛼𝑞[𝑡, 𝑞]}! 𝜓𝑡
∏

𝑡−1

𝑗=1

(1 +
𝛿

[𝑗, 𝑞]
). 

which proves the assertion of theorem  𝑛 = 𝑡 + 1.  Hence (3.6) holds for all  𝑛,   𝑛 ≥ 3.  

This completes the proof. 

For  𝛼 = 0,  we have the following known result, proved in [23]. 

 Corollary:  If  𝑓(𝑧) ∈ 𝑘 − USJ𝑞
𝜆(𝛾). Then 

|𝑎2| ≤
𝛿

𝜓1
, 

and  

|𝑎𝑛| ≤
𝛿

[𝑛 − 1, 𝑞]!𝜓𝑛−1
∏

𝑛−2

𝑗=1

(1 +
𝛿

[𝑗, 𝑞]
) ,       for 𝑛 = 3,4, . . .. 
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Theorem 3:   Let  0 ≤ 𝑘 < ∞  be fixed and let  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾)  with the form (1) then for a complex number  

𝜇  

|𝑎3 − 𝜇𝑎2
2| ≤

𝑑1

2𝑞{1+𝛼𝑞[2,𝑞]}[2,𝑞]𝜓2
𝑚𝑎𝑥[1, |2𝑣 − 1|],                             (3.8) 

where 

𝑣 =
1

2
{1 −

𝑑2

𝑑1
−
𝑑1

𝑞
+ 𝜇

𝑑1{1+𝛼𝑞[2,𝑞]}[2,𝑞]𝜓2

2𝑞{1+𝛼𝑞}2𝜓1
2 }.                                (3.9) 

Proof:  Let  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾),  then there exists Schwarz function  𝑤(𝑧) , with  𝑤(0) = 0  and  |𝑤(𝑧)| < 1  

such that 

𝑧 ∂𝑞𝑅𝑞
𝜆𝑓(𝑧)+𝛼𝑧2 ∂𝑞

2𝑅𝑞
𝜆𝑓(𝑧)

(1−𝛼)𝑅𝑞
𝜆𝑓(𝑧)+𝛼𝑧∂𝑞𝑅𝑞

𝜆𝑓(𝑧)
=

𝑧 ∂𝑞𝑅𝑞
𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

= 𝑝𝑘,𝛾(𝑤(𝑧))   𝑧 ∈ 𝐸.                (3.10) 

Let  𝑝(𝑧) ∈ P  be a function defined as 

𝑝(𝑧) =
1 +𝑤(𝑧)

1 − 𝑤(𝑧)
= 1 + 𝑐1𝑧 + 𝑐2𝑧

2+. .. 

This gives 

𝑤(𝑧) =
𝑐1
2
𝑧 +

1

2
(𝑐2 −

𝑐1
2

2
)𝑧2+. .. 

and  

𝑝𝑘,𝛾(𝑤(𝑧)) = 1 +
𝑑1𝑐1
2

𝑧 + {
𝑑2𝑐1

2

4
+
1

2
(𝑐2 −

𝑐1
2

2
)𝑑1} 𝑧

2+. .. 

Using above in (3.10), we obtain 

𝑎2 =
𝑑1𝑐1

2𝑞{1 + 𝛼𝑞}𝜓1
. 

and  

𝑎3 =
1

𝑞{1 + 𝛼𝑞[2, 𝑞]}[2, 𝑞]𝜓2
{{
𝑑1𝑐2
2

+
𝑐1
2

4
(𝑑2 − 𝑑1)} +

𝑑1
2𝑐1
2

4𝑞
}. 

For any complex number  𝜇   and after some calculation we have 

𝑎3 − 𝜇𝑎2
2 =

𝑑1
2𝑞{1 + 𝛼𝑞[2, 𝑞]}[2, 𝑞]𝜓2

{𝑐2 − 𝑣𝑐1
2}, 

where  

𝑣 =
1

2
{1 −

𝑑2
𝑑1
−
𝑑1
𝑞
+ 𝜇

𝑑1{1 + 𝛼𝑞[2, 𝑞]}[2, 𝑞]𝜓2

2𝑞{1 + 𝛼𝑞}2𝜓1
2 }. 

Using a lemma3, we obtain required results. 

 

For  𝛼 = 0,  then we have the following known result, proved in [23]. 

 Corollary:  Let  0 ≤ 𝑘 < ∞  be fixed and let  𝑓(𝑧) ∈ 𝑘 − USJ𝑞
𝜆(𝛾)  with the form (1) then for a complex number  𝜇  

|𝑎3 − 𝜇𝑎2
2| ≤

𝑑1
2𝑞[2, 𝑞]𝜓2

𝑚𝑎𝑥[1, |2𝑣 − 1|], 

where 
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𝑣 =
1

2
{1 −

𝑑2
𝑑1
−
𝑑1
𝑞
+ 𝜇

𝑑1[2, 𝑞]𝜓2
2𝑞𝜓1

2 }. 

 Theorem 4:   If a function  𝑓(𝑧) ∈ A  has the form (1) satisfies the condition 

 ∑
∞
𝑛=2 {𝑞[𝑛 − 1, 𝑞](𝑘 + 1) + |𝛾|}{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}|𝜓𝑛−1||𝑎𝑛| ≤ |𝛾|,                   (3.11) 

then  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾). 

 Proof:  Let we note that 

|
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1| = |
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧) − 𝑅𝑞
𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

| = |
∑∞
𝑛=2 𝑞[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1𝑎𝑛𝑧

𝑛

𝑧 + ∑∞
𝑛=2 {1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1𝑎𝑛𝑧

𝑛
| 

 

≤
∑∞
𝑛=2 |𝑞[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1||𝑎𝑛|

1 − ∑∞
𝑛=2 |{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1||𝑎𝑛|

. 

From (3.11) it follows that  

1 −∑

∞

𝑛=2

|{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1||𝑎𝑛| > 0. 

To show that  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾)  it is suffices that  

|
𝑘

𝛾
(
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1)| −ℜ {
1

𝛾
(
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1)} ≤ 1. 

As 

|
𝑘

𝛾
(
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1)| −ℜ {
1

𝛾
(
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1)} 

 

≤
𝑘

|𝛾|
|
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1| +
1

|𝛾|
|
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1| 

 

≤
(𝑘 + 1)

|𝛾|
|
𝑧 ∂𝑞𝑅𝑞

𝜆𝑔(𝑧)

𝑅𝑞
𝜆𝑔(𝑧)

− 1| 

 

≤
(𝑘 + 1)

|𝛾|

∑∞
𝑛=2 |𝑞[𝑛 − 1, 𝑞]{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1||𝑎𝑛|

1 − ∑∞
𝑛=2 |{1 + 𝛼𝑞[𝑛 − 1, 𝑞]}𝜓𝑛−1||𝑎𝑛|

 

 

≤ 1. 

For  𝛼 = 0,  then we have the following known result, proved in [23]. 

 

 Corollary [23].  If a function  𝑓(𝑧) ∈ A  has the form (1) satisfies the condition 

∑

∞

𝑛=2

{𝑞[𝑛 − 1, 𝑞](𝑘 + 1) + |𝛾|}|𝜓𝑛−1||𝑎𝑛| ≤ |𝛾| 

then  𝑓(𝑧) ∈ 𝑘 − USJ𝑞
𝜆(𝛾).  

For  𝑞 → 1,   𝜆 = 1,   𝛼 = 0,   𝛾 = 1 − 𝛽,   0 ≤ 𝛽 < 1 , then we have the following known result, proved in [24]. 
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 Corollary [24].  A function  𝑓 ∈ 𝐴  and of the form (1) is in the class  𝑘 − USJ(1 − 2𝛽) , if it satisfies the condition 

∑

∞

𝑛=2

{𝑛(𝑘 + 1) − (𝑘 + 𝛽)}|𝑎𝑛| ≤ 1 − 𝛽, 

where  0 ≤ 𝛽 < 1  and  𝑘 ≥ 0 . 

For  𝜆 = 1,   𝛾 = 1 − 𝛽,   0 ≤ 𝛽 < 1  and  𝑘 = 0 , then we have the following known result, proved in [25]. 

 Corollary [25].  A function  𝑓 ∈ 𝐴  and of the form (1) is in the class  0 − USJ(1 − 𝛽) , if it satisfies the condition 

∑

∞

𝑛=2

{𝑛 − 𝛽}|𝑎𝑛| ≤ 1 − 𝛽,       0 ≤ 𝛽 < 1. 

 Theorem 5:    Let  𝑓(𝑧) ∈ 𝑘 − USCVJ𝑞
𝜆(𝛾).  Then  𝑓(𝐸)  contains an open disk of radius.  

𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞]

2𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞][2, 𝑞]! + 𝑑1
. 

where  𝑑1  is given by (9). 

 Proof:  Let  𝑤0 ≠ 0  be a complex number such that  𝑓(𝑧) ≠ 𝑤0  for  𝑧 ∈ 𝐸.  Then  

𝑓1(𝑧) =
𝑤0𝑓(𝑧)

𝑤0 − 𝑓(𝑧)
= 𝑧 + (𝑎2 +

1

𝑤0
) 𝑧2+. .. 

Since  𝑓1(𝑧)  is univalent, so 

|𝑎2 +
1

𝑤0
| ≤ 2. 

Now using (16), we have  

|
1

𝑤0
| ≤

2𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞][2, 𝑞]! + 𝑑1
𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞]

, 

hence we have. 

|𝑤0| ≥
𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞]

2𝑞{1 + 𝛼𝑞}[𝜆 + 1, 𝑞][2, 𝑞]! + 𝑑1
. 

 

For  𝛼 = 0,  then we have the following known result, proved in [21]. 

 Corollary:  Let  𝑓(𝑧) ∈ 𝑘 − USJ𝑞
𝜆(𝛾).  Then  𝑓(𝐸)  contains an open disk of radius  

𝑞[2, 𝑞][2, 𝑞]!

2𝑞[2, 𝑞][2, 𝑞]! + [𝜆 + 1, 𝑞]𝑑1
. 

where  𝑑1  is given lemma 2. 

 

4 | CONCLUSION 

Using the concept of subordination and theory of quantum calculus, we have systematically studied 

coefficient estimates and related problems for a new class of analytic functions related conic domain. We 

also pointed out many new and already existing corollaries by assigning by specializing the Parameters. 
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