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1 | INTRODUCTION

Let A denotes the class of all function f(z) which are analytic in the open unitdisk E = {z € C: |z| <

1} and normalized by f(0) =0 and f'(0) = 1, soeach f € A has the series expansion of the form:
f@=2+%5, an (1)

A function f : E — C iscalled univalenton E if f(z;) # f(z,) forall z; # z,, z,,z, EE. Let SC A
be the class of all functions which are univalent in E [2]. Recall D c C is said to be a starlike with respect
to the point d, € D if and only if the line segment joining d, to every other point d € D lies entirely in
D , while the set D is said to be convex if and only if it is starlike with respect to each of its points.
Navanlinna proved that f maps E onto a starlike domain with respect to dy = 0 if and only if

zf (z
(e
while f maps E onto a convex domain if and only if

(zf (@)
iR(—f,(Z) >0,z€E.

)>O,Z€E,
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By §* and K we mean the subclasses of S composed of starlike and convex functions. In 1991, [3]
introduced the class UCV of uniformly convex functions which was extensively studied by Ronning and

independently [4], [5]. A more convenient characterization of class UCV was given by Ma and Minda as:

zf’ (Z)} S (2)
f'@ f@

In 1999, [6] introduced the class k — uniformly convex functions, k > 0, denoted by k —UCV and a

f(z)EUCV(:)f(Z)EAand%{1+ , ZE€EE.

related class k — ST as:

fek—Ucv < zf'ek —ST.

The class k —UCV was discussed earlier in [7], see also [6] with same extra restriction and without
geometrical interpretation by [6]. In 1985, Nasr et.al, studied a natural extension of classical starlikness in

order terminology. We say that a function f(z) € A isintheclass S;,, k=0, y € C\{0}, if and only if

1z @ _ 1z @ _ . . . .
R {y ( & 1)} >k |y ( D 1)| ,  z € E.Several author investigated the properties of the class, Sky

and their generalizations in several directions for detail study see [3], [7]-[14].

The convolution or Hadamard product of two functions f and g is denoted by f * g is defined as

oo

FegD =)  abys
n=0
n=2

where f(@ is given by (1) and g(2) = E b,z", (z€E).
If f(z) and g(z) are analyticin E , we say that f(z) is subordinate to g(z) , written as f(z) < g(2), if
there exists a Schwarz function w(z) , which is analyticin E with w(0) =0 and |w(z)| <1 such that
f(2) = g(w(z)) . Furthermore, if the function g(z) is univalent in E , then we have the following
equivalence, see [2], [15]-[17].

f(2) <g(2) = f(0) = g(0) and f(E) c g(E). z€E.

The operators play a significant role in geometric theory of functions. Many differential and integral
operators can be written in term of convolution, for details we refer [18]. It is worth mentioning that the
technique of convolution helps researchers in further investigation of geometric properties of analytic
functions.

For teR and q >0, q # 1, the number [t,q] is defined in [19] as:

t

(t.q) = 7= [0.4]=0.

For non-negative integer n the g -number shift factorial is defined by

[nq]' = [1,491[2,4][3,q].--[n.q], ([0,q]'= D).

We note that when q-1, [n,q]! reduces to classical definition of factorial.

For f € A, the g -derivative operator or g -difference operator is defined as:
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f(qz) — f(2)
z(q—1) '
It can easily be seen that for n € N = {1,2,3,...} and z € E.

042" = [n,q]z"Y, 9, {2 } Z [n,qla,z™1.

n n=1

04f(2) =

z€E,z+#,q+1.

The q -generalized Pochhammer symbol for t € R and n € N is defined by.
[t.q]n = [t.ql[t + 1,q][t + 2,q]...[t + (n — 1), 4],

and for t > 0, let q -gamma function is given by.
[ t+1)=[t,q]ly(t) andT,(1) =1.

Definition [19] For f € A, let the Ruscheweyh gq -difference operator be defined as follows:

Rf(2) = f(2) * Fa41(2), (2 €E,A>-1) (1.11)
Where
3 . Tq(n+2) 3 v A+Lqla
Foa1(2) =2+ X5, mzn =z+Xn a2 (1.12)

The symbol "*" stands for Hadamard product (or convolution).
From (1.11) we obtain that
Raf(2) = f(2), Raf(2) =z04f(2)
and
293 (z™ ' f(2)
[m. q]!
Making use of (1.11) and (1.12), the power series of Ré‘ f(z) is given by.

R™f(z) = , (m€N).

_ N T,(n+2) .
R‘%f(z)_”z [n—1,qIT 1+ )

=z+Yn=2 Yn-1nz™ (1.13)
where
l/) — [/1 + 1' q]n—l
1T Im=1,q]
Note that
q-1"
] z
lim Fyp41(2) = a=pit
and
q-1"

VA
limR}f (2) = f(2) * a— et

It is worth mentioning that q — differential operator reduces to the differential operator defined by [2]

in the case when q — 17. It is easy to check that



EM A\ cadertlieians-Gate

20(Fopin(@) = (1+ [il—j]) Fypea(2) — %Fqlhl(z). (1.14)
Making use of (1.11), (1.14) and the properties of Hadamard product, we obtain the following equality.
z0,(Rif(2) = (1+ [’;—;”) RM1f(z) — %R:} (). (1.15)
If g —» 17, the equality (1.15) implies.
2(RA(2)) = (1 + DRM1f(2) — AR (2).
which is the well-known recurrent formula for Ruscheweyh differential operator.
Taking motivation from the work of [20]-[22], we introduce new subclasses k — USCV]{}(}/), y € C\{0}.of

analytic functions defined as:

Definition 1: Let f(z) € A. Then f(z) isin the class k — USCV]?;(]/), y € C\{0}, if it satisfies the

condition.
1 1
m{l‘l_;(](/’{yalqlz)_1)}>k‘;U(A,a,q,Z)—1) , ZEE
where
Iz = ZaqR{}fEZ) + az? agjo;(z) _z aqugg(z),
(1 —a)R;f(2) + azd4R;f (2) R’g(2)
with

g(z) =azdf(2) + (1 —a)f(2). (1.16)
By taking specific values of parameters, we obtain many important subclasses studied by various
authors in earlier papers. Here we inlist some of them.
(i) For a =0, the class k — USCV]();()/) reduces into the class k — US]é(y).
i.. Fora=0 4=0, g—-1, and y = ﬁ B € C\{1}, the class k — USCV]{}()/) reduces into the

class SD(k,f) and a =0,1=0, g—1, and y = ﬁ, B € C\{1}, theclass k — USCV](’}()/)
reduces into the class KD(k, ), studied by both Shams et.al and Owa et.al [1], [23], [24].

ii. For a=0, k=1, 1=0, g—1, and y = ﬁ B € C\{1}, the class k — USCV]{}()/) reduces
into the class S,(f) and a =0, k=1, 1=0, g— 1, and y = ﬁ, B € C\{1}, the class

k— USCV]?;()/) reduces into the class K,(f), studied by [25].
iii. For a=0,A=0, q—1, theclass k — USCV]é(y) reduces into the class K— ST and a =
1,A=0, g —1, theclass k — USCV]{}()/) reduces into the class k — UCV, introduced by [8],
[26].
1

iv. For a=0,k=0, 1=0, q—1, and y = pa? B € C\{1}, the class k — USCV]{}(}/) reduces

into the class S*(f) and k=0, a=0, 1=0, g—1, and y = ﬁ, B € C\{1}, theclass k —
USCV]{}()/) reduces into the class C(f), well-known classes of starlike and convex of order

respectively.
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Geometric Interpretation
A function f(z) € A isin the class k — USCV]J2(y) if and only if /(4,a,q,z) takes all the values in the
conic domain Qy, = py, (E) such that.
Qry =7Q+ (1 —-0a),
where
Qp ={u+iv u>k (u—1)2+v2}.
Since py,(z) is convex univalent, so above definition can be written as

J(A,a,q,2) < pry(2),

where
1+(1-2y)z
1+ad-2nz fork = 0,
1—z
2
2y 1++z
1+—llo , fork =1,
7T2< gl—ﬁ)
Pry(2) =< 2 2
v 1+ 1 _ykz sinh? {(E arccos k) arctanh\/E}, for0<k<l1,
u(z) 1
Y . T vt Y
1+ sin f dx |+ , for k > 1.
k?—-1 2R(t) Jo V1 —x2/1— (tx)? 1-k?

The boundary dQy, of the above set becomes have some nice geometry representing different conic
domains for specializing the parameter. For instance, the right half plane when k = 0, while a hyperbola
when 0 <k < 1. For k =1 theboundary 0Q, becomes a parabola and it is an ellipse when k > 1 and
in this case and t € (0,1) is chosen such that k = cosh(nK'(t)/(4K(t))) . Here K(t) is Legender's complete
elliptic integral of first kind and K'(t) = K (V1—1¢2 )and K'(t) is the complementary integral of K(t) for

details see [8], [26], [27]. Moreover, py, (E) is convex univalent in E [8], [26]. All of these curves have the

vertex at the point %
2 | PRELIAMINARIES
In this section we present some important lemmas which will be useful in our current investigation.
Lemma 1. [28] Let p(2) = Yme1 Pnz" <F(2) =Yp-; dpz™ in E. If F(z) is convex univalent in E
then
lpnl < ldil, n=1.
Lemma 2 [29]. Let k € [0,0) be fixed and let p,, be defined (8). If

pk,y(z) =1+dz+ d222+...

2yA” 0<k<1
1— k2’ =
8y
dlz F: k:11
2
T
Y k>1,

4(1 4+ VK2 (t) (k2 — 1)’
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A%+ 2
o, 0<k<1
2
dy = §d1' k=1,
4K (> +6t+ 1) —m?
()( ) 4, k>1,

24K2()(1 + )Vt
K’ (t)
K(t)

2cos 1k

where A = , and t € (0,1 ) is chosen such that k = cosh( ), K(t) is the Legendre's

complete elliptic integral of the first kind.
Lemma 3. [3] Let p(z) =1+ X,-; c¢p,z" €P, let p(z) beanalyticin E and satisfy Re{p(z)} >0 for z

in E, then the following sharp estimate holds.

lc; — ucf| < 2max{1,12u— 1|}, vuecC.
3 | MAIN RESULTS
Theorem 1: Let g(z) € k — USCV]{}()/). Then

yW(E)-1
Rig(2) < zexp [ P=SE—dg, @3.1)
where w(z) is analyticin E with w(0) =0 and |w(z)| < 1. Moreover, for |z| = p, we have
1 pry(=p)-1 R3g(2) 1 pry(p)-1
exp (|, ’”po) < q—| <exp(J, ’”po), (3.2)

where g(z) is given in (1.16).

Proof: If g(z) € k — USCV]{}()/), then using the definition 1, we have

20,R@) 1 po,w@) -1
Ré‘g(z) z z '

For some function w(z) is analyticin E with w(0) =0 and |w(z)| < 1. Integrating above relation and

after some simplification with some properties of subordination, we have.

4 -1
R}g(z) < zexp [ M dé. (3.3)

This proves (3.1). Noting that the univalent function py,(z) maps the disk |z| <p (0<p <1) ontoa
region which is convex and symmetric with respect to the real axis, we see.

Py (—plz]) < R{pry WD)} < pry (plzl) 0<p<1, z€E). (3.4)
Using (3.3) and (3.4) gives

1 —plz) -1 1 w(p(z)) -1 1 zN -1
f Pry (—pz]) dpssnf Pry W(p(2)) dpsf Pry (plz]) i,
0 p 0 p 0 p

for z € E . Consequently, subordination (14) leads us to

R}g(2)
VA

1 —plz) -1
f Pry(=plz]) dp < log
0

p
pk,y(_p) < pk,y(_plzl)' pk,y(plzl) < pk,y(p)

1 -1
Sf Piy (plz]) dp
0 p

implies that
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1 -1
0 p

R}g(z)
Z

1 —p)—1
exp f Pry (—P) dp <
0 p

This completes the proof.
For a = 0, we have the following known result, proved in [23].

Corollary. [21] Let f(z) € k — US]f}(y). Then

z w -1
Ré f(z) < zexp f —pk'y( ©)) dé,
0 ¢
where w(z) is analyticin E with w(0) =0 and |w(z)| < 1. Moreover, for |z| = p, we have
1 —-p)—1 R} f(z ! -1
exp (f Pry (=P) dp) < |Raf@)] _ exp <f Pry (P) dp>.
0 P z 0 p
Theorem 2: If f(z) € k — USCV]()I‘()/). Then
5
la,| < Graqvy (3.5)
and
B _ 8
< n-2 —_— =
ol < s e (1+gg),  forn=34.. (3.6)

|d,|
where 6 le )

Proof: Let

z0qRAf (2)+az? 02R2f(2)  z0qRYg(2)
(1-@)RAf(2)+azdqRif(z) ~  Rlg(2)

=p(2). (3.7)
where p(z) isanalyticin E and p(0) =1. Let p(2) =1+ X;-; h,z" and R,’}f(z) is given by (1.13).
Then (3.7) becomes.

z+ Z {1+ aqln —1,q1}[n, qln_1anz"

n=2
= hoz™ |3z + {1+ aqln—1,q1}¢n_1a,2™;.
DRSS B2 1

Now comparing the coefficients of z™ , we obtain

{1 + aq[n - 1' Q]}[n' Q]lpn—lan

n-1
={1+aq[n—1,ql}Yn_1a, + {1+ aqlj — 1,q1}¢;_1ajh,_;.
j=1
which implies
1 n—-1
a, = 1+aqlj—1, i1 @il .
" qn—1,q]{1+aq[n— Lq]}wn_lz 4 aqlj =1, all;- -,

=1
Using the results that |4,| < |d;| given in [27], we have

n-1

Z {1+ aqlj — 1,q1;-1]qj].

=1

|d, |
qn—1,q){1+ aq[n—1,qlP,_1

lan| <
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Let us take § = %, and using lemma2, we have

n-1

é .
ol = T g gl 1, q]}wn_ljzzl o+ eali =t alpaly)

For n =2, we have

Q| < —
22| {1+ aqhp,
which shows that (3.6) holds for n = 2. To prove (3.6) we use principle of mathematical induction, for this,

consider the case n = 3

las| <

2 al+ aqiz. gy, L T O T aaiulazl}

Using (3.5), we have

)
[2,q1{1 + aq(2, q]}¥,
which shows that 3.6) holds for n = 3 . Let us assume that (3.6) is true for n < t, that is,

las| < {1+ 6}

t—2

o) o)
ol = T T+ wale = Lq]}!wt_ll_l[ (1+gq) forn=34..

j=

Consider

1) 1+ {1+ aqhpilaz| + {1 + aq[2]}¢.]as]

lag| <
T a0t aqlt a4 aqrspipslaglt.. 1+ aglt — e la]

<
[

t,q){1 + aq[t, q1}y; i ( 5 )

t—1

5 s
Tt ql {1+ aqlt, D', 1_[ (1 * ﬁ)

j=1

which proves the assertion of theorem n=t+1. Hence (3.6) holds for all n, nz=3.
This completes the proof.
For a = 0, we have the following known result, proved in [23].

Corollary: If f(z) € k — US]{}(y). Then
laz] < —
2l S o
and

n-2

Ianlﬁmn (1+ﬁ)' forn=34,....

j=1
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Theorem 3: Let 0 < k < oo be fixed and let f(z) € k — USCV]{}()/) with the form (1) then for a complex number

u
—ya?|l < da -
las — a2l < Sz, L 12v — 1], (3.8)
where
— l _ % _ ﬂ d1{1+aq[2'q]}[2'q]¢2
v= 2 {1 d, g TH 2q{1+aq}?y? } (3.9)

Proof: Let f(2) €k — USCV]{}(y), then there exists Schwarz function w(z), with w(0) =0 and |w(2)| <1

such that

z0qRAf(2)+az? 02R}f(2) _ z04R}g(2)
(1—a)R$‘f(z)+azang‘f(z) - Rég(z) - pk_y(W(Z)) zZ€E. (3~10)

Let p(z) € P be a function defined as

1+w(2) )
p(Z) = 1_—‘”(2): 1 +C12+CZZ +...
This gives
3 N 1 c? 2,
w(z) =5 72+3(c— =)z
and

dic dycz 1 ct
Py W() = 1 +%z+{ rRREG ——1)d1}z2+...

Using above in (3.10), we obtain

dic;
ay =———,
27 2q{1 + aqy,

and

A =
° 7 q{l+aq(2,qB3[2, g1y, | 2
For any complex number u and after some calculation we have

d,
2q{1 + aq(2,q1}[2, q]¥

1 d,c, c? d?c?
{{ 12 +Zl(d2 —dl)}+ 1q1§.

as — pajz = {ca —vet},

where

=-1-2-2y
YT Td T e T 2q + agiy?

Using a lemma3, we obtain required results.

1{ d, dy d1{1+aq[2.q]}[2.q]¢z}

For a = 0, then we have the following known result, proved in [23].

Corollary: Let 0 < k < oo be fixed and let f(z) € k — USJ2(y) with the form (1) then for a complex number p

dq
———max[1,|2v —1]],
q(2,q1y-

2
a; — uas| <
lag — pas| 2

where
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v = 1{1 _ 4 u—dl[z'qw)z}
20 d1 ¢ 2qyp7

Theorem 4: Ifa function f(z) € A has the form (1) satisfies the condition

Yr=2 f{qln—1q](k+ 1)+ |lyIH1 + aq[n — 1,q}}Yn-sllanl < Iyl, (3.11)
then f(z) € k — USCVI2(y).

Proof: Let we note that

ZaqR{}g(z) B 1’ _
R39(2)

z angg(z) - R{}g(z)
R79(2)

Yn=2 qn—1,q/{1 +aq[n—1,q}Y,_1a,z"
z+ 2;10:2 {1 + QQ[n -1, Q]}lpn—lanzn

- Yo=2 laln—1,q]{1 + aq[n —1,q]},_1lla,|
T 1-35 {1+ aqn—1,q1¢n-llanl

From (3.11) it follows that

oo

1=) 11 +agin—1,qlnillan] > 0.

n=2

To show that f(z) € k — USCV]2(y) it is suffices that

Ao )
Y\ Rlg(2) ¥\ Rlg(2 -

(o) afi (i)
¥\ Rlg(2) ¥\ R}g(2)

<£ ZaqR{}g(z)_l‘ 1 ZOqR,/}g(z)_ll
“lyvll Rlg(2) lvl| Rig(2)
_k+D zaqug(z) _ 1‘
4 R3g9(2)

< (k+1DX5=, lqln—1,q]{1+ aq[n —1,q]}n_1llayl
-yl 1-%r- {1+aqn—1,q1}¢n_1lla,l

<1

For a = 0, then we have the following known result, proved in [23].

Corollary [23]. If a function f(z) € A has the form (1) satisfies the condition

> {aln—1,q10c+ 1) + Iy Biallan] < Iyl

n=2

then f(z) €k — US]?;(y).

Forq-»1, A=1, a=0, y=1-p, 0= <1, then we have the following known result, proved in [24].
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Corollary [24]. A function f € A and of the form (1) is in the class k — US]J(1 — 2) , if it satisfies the condition

oo

Y.kt D= e+ Plan <1,

n=2

where 0 < B <1 and k=0.
For A=1, y=1-8, 0< <1 and k =0, then we have the following known result, proved in [25].
Corollary [25]. A function f € A and of the form (1) is in the class 0 — USJ(1 — ), if it satisfies the condition

=

Z m—Blla,l<1-B O0<B<1.

n=2

Theorem 5: Let f(z) €k — USCV]%()/). Then f(E) contains an open disk of radius.

q{1 + aq}[1+1,q]
2q{1 + aq}[A+ 1,q][2,q]' + d;

where dy is given by (9).

Proof: Let wy # 0 be a complex number such that f(z) # w, for z € E. Then

_ wof(@) _ ( 1 ) 2
f1(2) - =z+ a2+WO VA

Since f;(z) isunivalent, so

1

az + - S 2

Wo

Now using (16), we have
1

< 2q{1+ aq}[A+1,q][2,q]' + d;
q{1 + aq}[1+1,q]

wol —

)

hence we have.

q{l+aq}[A+1,q]
2q{1 + aq}[A+ 1,q][2,q]' + d;

[wol =

For a = 0, then we have the following known result, proved in [21].
Corollary: Let f(z) € k — US]g(y). Then f(E) contains an open disk of radius

q[2,q1[2,q]!
2q(2,9][2,q]' + [A + 1,q]d;

where dy is given lemma 2.

4 | CONCLUSION
Using the concept of subordination and theory of quantum calculus, we have systematically studied
coefficient estimates and related problems for a new class of analytic functions related conic domain. We

also pointed out many new and already existing corollaries by assigning by specializing the Parameters.
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