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ABSTRACT

This article aims to explore the notion of interval-valued spherical fuzzy
(IVSF) sets (IVSFS), a modified version of intuitionistic and picture fuzzy
sets. Furthermore, we also developed some appropriate operations of

Dombi aggregation tools in the light of IVSF information. These
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aggregation operators are used aggregate several values in a single term.
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Pakistan. To mitigate the impact of insufficient information during the decision-
making process, we developed a class of new approaches under the
system of IVSF information, including IVSF Dombi weighted average
(IVSFDWA) and IVSF Dombi weighted geometric IVSFDWG) operators.

To reveal effectiveness and intensity of developed approaches, some

Article History:

Submitted: February 13, 2022
Revised: May 26, 2022
Accepted: June 19, 2022
Published online: June 30, 2022

notable characteristics are also demonstrated. To resolve complicated
real-life situations, an algorithm of the MADM problem is discussed
under consideration of IVSF information. We establish a numerical

Corresponding author(s): example to select a more realistic optimal option available to individuals.

To show consistency and applicability of developed methodologies,
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influence study and comparative analysis verify by contrasting the
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results of existing approaches with currently developed AOs.
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1 1 INTRODUCTION

In most of the events of the world, if this was a rule, it would draw a certain amount of unpredictability
and imprecision; events involving human opinion are no exception Zadeh [1] proposed the use of fuzzy
sets and membership grades (MG) of elements and objects to eliminate these mistakes and inexactness from
data impacted by human judgment. Furthermore, Atanassov [2] linked the mechanisms and objects by
using two grades, non-membership grade (NMG) and membership grade (MG), in his pioneer idea of
intuitionistic FS (IFS). In Atanassov’s idea of IFS, the sum of NMD and MG for an object must be contained
in [0,1]. The chances of information loss decreased as compared to FS, but still exist. To remove this
drawback of IFS, Yager [3] proposed a new idea of the Pythagorean fuzzy set (PyFS) in which he enlarged
the range of MG and NMG by proposing that the sum of squares of MG and MNG contains in [0,1]. Yager
[4] also enlarged the range of MD and NMG to be chosen by taking power q instead of square and named
the idea as g-Rung Ortho Pair FS (q-ROFS). Several mathematicians extended the concepts of fuzzy systems

to the circumstances.
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In the case of human thoughts, the opinions cannot be stated only in two grades, i.e., MG and NMG.
Hence Cuong [5] proposed a new approach, in which he added a new grade named abstinence grade (AG)
in his pioneer idea of picture FS (PFS). In PFS, the sum of all three grades lies in [0,1]. After the addition of
AG, the loss of information decreased. However, the range of these grades was short due to the condition
that the sum of grades should be in [0,1]. To overcome the problem, Mahmood et al. [6] enlarged the range
in the idea of Spherical FS (SFS) and T-Spherical FS (TSFES) by taking the sum of grades with power q to
contain in [0,1]. After the development of the idea of TSFS, the range of information has enlarged to the
maximum level, and decision-makers are independent in choosing the value of the grade of their interest.
The Several authors also worked on the framework of PFSs [7]-[9] by including more information
compared to IFSs, PyFSs and q-ROFSs.

A class of new AOs developed based on Dombi t-norms (DTNs) and Dombi t-conorms (DTCNs) by
the [10]. The idea of DTN and DTCN is used by the authors in [11] and [12] in the framework of IFSs and
PyFSs, respectively, for the expansion of DAOs. [13] utilized a novel theory of the MADM problem to
resolve an application related to electric supply. The problems in DAOs in an environment of q-ROFSs are
also highlighted in [14] by Jana et al. Wang [15] generalized the theory of 2-touple linguistic fuzzy sets with
applications. Liu and Jiang [16] explored the theory of distance measures to handle vague information about
human opinions. Liu et al. [17] proposed a class of new approaches based on neutrosophic sets. Hussain et
al. [13] worked on the decision-making process by using the concepts of graphical fuzzy system. Several
aggregation operators based on different aggregation tools under the system of fuzzy situations were
proposed by Senapati et al. [18]-[20]. In [21] DAOs are extended to the concept of bipolar FS. Shi and Ye
developed DAOs in the framework of neutrosophic FS [22]. For the concept of hesitant FS, the DAOs are
developed by He [23]. Zhou et al. [24] investigated some new mathematical approaches by using frank
aggregation tools with a decision-making process. Liu et al. [25] extended the theory of Archimedean
triangular norms with Hesitant fuzzy circumstances. The remarkable work on the DAOs can be observed
in [26]-[28].

The preceding discussion demonstrated the limited reach of the operators produced in the settings of
IFSs, PyESs, and q-ROFSs as well as the likelihood of some information loss. Furthermore, it has revealed
the framework of PFSs and SFSs' limitations in handling particular triplets. Liu and Gao [29] presented a
strong mechanism for the selection process of a suitable optimal option with some appropriate
characteristics of the Maclaurin symmetric mean aggregation models. They used a numerical example to
establish this conclusion. This study attempts to resolve these concerns by attempting to construct DAOs in
the context of IVSESs. The IVSF DAOs introduced in this paper further generalize previously developed
DAOs. The objective of this article is characterized as follows:

1. To expose the notion of IVSFSs with fundamental rules of IVSF information.
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2. Some robust operations of Dombi aggregation tools are presented under the system of IVSF
information.
3. We developed a class of new approaches, including IVSFDWA and IVSFDWG operators with
notable characteristics and special cases.
4. Anovel study of the MADM problem is used to solve complex real-life situations. We also gave
a numerical example to choose an appropriate programming bundle considering our developed
approaches.
5. Averaging and geometric DAOs have been developed in the framework of IVSFSs, and their
basic properties have been explored.
6. To analyze the reliability and applicability of proposed methodologies, we discussed sensitive
analysis to show the influence of different parametric values of the Dombi aggregation tools.
The structure of this article is maintained as follows: Section 2 explores basic notions of IVSFSs with
some fundamental rules. Some appropriate operations of Dombi aggregation tools are presented in section
3. We established a class of new approaches, including the IVSFDWA operator with some robust
characteristics and special cases in section 4. Furthermore, we also presented a series of new approaches
based on IVSF information, such as the IVSFDWG operator in section 5. An algorithm of the MADM
problem under the system of IVSF information is presented in section 6. The advantages of developed
aggregation operators are verified by comparing the outcomes of existing approaches with currently
developed aggregation methodologies in section 7. Some valuable remarks related to our research work are

established in section 8.

2 | PRELIMANRIES

The goal of this section is to review some basic notions and present the possible research gap. In our
work, X represents some universe of discourse, and the terms NMG, MG, AG, and RG are denoted by d,§, i,
and r, respectively.

Definition 1: [30] A PFES is of the form X = {(g, (S‘, i, d)) Vg€ X} provided that 0 < sum(3(s),1(¢),d(¢)) < 1
and 7(¢) = 1 — (3(¢) + I(5) + d(q)) is known as the refusal grade (RG) of  in X. Further, (3,1, d) is known as
a picture fuzzy number (PFN).

Definition 2: [6] A SFSis of the form X = {(q (51, d)) Vee X} provided that 0 < sum(§2(5), 12(), d?(g)) < 1

andr(¢) = \/ 1 — (32(5) + 12(¢) + d2(Q)) is known as the RG of ¢ in 8. Further, (§, 1, d) is known as a spherical

fuzzy number (SFN).

Definition 3: An IVSFS on X is given below:
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f(g, ('é, i, d)) :§,1,d: X - some closed subinterval of [0,1] V¢ € X,)
0< @)+ @Q+d?@ <1

X = | k—wﬂﬁﬂ%@+wﬂ]
r(¢) = [r'(e), r*(Q] =

-~

[(1 O RORIOEOGRICY 2)2]

Where § = [84(c), §*()], denote the MG, d = [d'(5), d“(¢)] denote the NMG, and I = [i*(s), [“(5)] denote the
AG. While r = [r!(5),7%(¢)] denote the RG respectively. Furthermore, the triplet (s (9),1(9), gi(g)) =

([8' (), 149D, ' ()], [8“(5), 1*(5), d*()]) is known as an IVSF value (IVSFV).

Now, we propose the ranking function of IVSFSs as follows:
Definition 4: Let X = (s x),1x), d()g)) = (['s’l, §4], [il, iu], [d', d“]) represent an IVSFV. Then the score function

is given by:

(-éz)z (1 _ (11)2 _ (dl)z) +(8%)2 ( (Iu) (d%) )

3

SC(R) =
Where SC(X) € [0,1].

Definition 5: [31] Let 8y = ('é%, d%) be some IFNs. Then the weighted averaging (WA) and weighted

geometric (WG) DAOs for IFNs are functions from X" to X and defined as:

1 1
IFDWA(R, Ry, R3 .. 8,) = | 1— ,

1
. F\F FN\F
§ 1—dyg
+{Zg=1q>&<1_“.§%> } 1+{ZH=1%( dy ) }

1 1

1 1
1 F\F d F\F
I

IFDWG(Ry, Ry, R ... Ry) =

3 | BASIC OPERATIONS OF DOMBI AGGREGATION TOOLS

DTN and DTCN are among the famous t-norms and t-conorms in the theory of fuzzy algebra. Here
we discussed the theory of DTNs and DTCNs and a few previously defined DAOs in previous fuzzy
extensions. It is to be noted that throughout this thesis, ® = (@, ®,, @5 ...®,)7 is termed as the weight vector
of IVSFVs Ng(,% =1,2,3..n) with @3 > 0 and ZE=1 @4 = 1. Further (§ = 1,2, ...n) denote the indexing terms.

Definition 6: [10] Let f, g € R. Then, DTN and DTCN are defined as



AcaderliEians-Gateled

Dom™(f,g) =

Dom'e"(f,g) = 1—

1
N F)F
f g )
“{(T-f) +(rks }
Definition 7 Let® = ([&,&%], [I', ], [d 1), &, = ([&1, 8] [10, 1], [dh, d¥]) and &, = ([&b, 8], [ib.12],
[d}, d%]) denote IVSFVs. For A > 0, The Dombi operations for IVSFSs are given by:

1 1
1. Nl @ NZ == . . % . . % )
2 2 2 2
1—ill l—ilz (1_lu1> 1_]11.2
1+ + 1K= | +{—=%2
{( ili ) < il% luf 1u§

[

+
—
/-~

[

o |1
N
SN
\_/_"_J

-

+
/-~

. =

o a |4
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| =
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/-~
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=
e [
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/-~
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o |
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~~———
!
———
] |

1 1
2. Nl ® NZ = 1- 1 1- 11,
2 F 2 F\F u? F 2 F\F
1 2
1+{(1—ﬂi> +<1—il§> } 1+{<1—iui> +<1—iu§> }
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& =

be three IVSFVs

1- 1) 1- . 1
at? A qu? aF
l 1+{/’L<1_d12> } 1+{A(1_du2> } J
With the below example, we show the working of the above-discussed principles.
[0.65,0.83], [0.43,0.53], [0.77,0.89],
Example 1: LetX = [0.4,0.54], |,X; = [0.29,0.43], | and X, = | [0.34,0.49],
[0.26,0.41] [0.39,0.47] [0.59,0.68]
and A =2 and ¥ = 1. Then:
1
4 1 - 1’
0.43* \' 053¢ \'|!
1+ {(1 2om) *(r2os) }
1
4|1 — 1
0.77¢ \' 0.89* \'|*
1t {(1 2577) *+ (2 0899) }
R OR, =
1 1
4 1’ 4 1
1-0.29%\'  (1-043H"! 1-0.344\'  (1-0490\"!
1+{( o) * (o )} t+1(Fomar) +(oas)
1 1
' 2 2 > ' 1 1 1
1-0.39* 1-047%\)? 1-0.59* 1-0.684\"|'
1+{< ozor) * (o )} 1+{< osor) + (Toews )}
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[0.092,0.16],
X, @ R, = [0.0012,0.0055],
[0.0050,0.0101]
1
4 1,
1—0.43%\"  [1-0534\")2
1+ {( 0.43% ) + ( 0.53% ) }
1
* 1
1-0.774\'  [1-0.894\')!
1+{( 0.77% ) +< 0.89% ) }
1
l!
0.294 )1 N ( 0.434 )1 1
1 —0.29% 1—0.43%
Nl ® NZ = )
1
1
0.34% )1 N ( 0.494 )1 1
1 —0.34% 1— 0.49%
1
ll
0.394 )2 N ( 0.474 )2 2
1 —0.39% 1-047%
1
1
0 594 )1 N ( 0.68% )1 1
—0.59% 1— 0.68%
[0.008,0.019],
&, ® KX, = | [0.0051,0.022],
[0.035,0.061]
1 1
4|1 — 1’ 4|1 — 11
0.65¢ \')! 0.834 \)?!
o {2 (=0es7) } T {2 (=085
1 1
2& = 4 ll 4- l )
1—0.4%\" )1 1—0.544\")?!
1+{2( 0.4% ) } 1+{2< 0.54% ) }
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[0.076,0.161],
28 = [ [0.0032,0.0111],
[0,0.004]

; 1 1
N - 4 1 - 1; 4 1 - l )
04+ \'|! 054+ \'|*
1t {2 (r=07) } 1t {2 (=057
1 1
1= O 1
0.26* \')! 0414 \)!
1+ {2 (1 - 0.264) } 1+ {2 (1 - 0.414)
[0.026,0.078],
X2 = [ [0.0125,0.0392],
[0.002,0.014]

Theorem 1: Let = ([&% 5], [i%, 1], [d’, 4*1), & = ([&L, 8], [iL, %], [d, d¥]) and %, = ([35, 84], [ib, 12],
[dl , dlz‘]) be three IVSFVs and 4 = 0. Then

N QR =X, QK

R DR, =X, DXy

ARy D Ry) = AR D AR,
(A1 © 22)R = 41 R @ 1,R
(X ® Xp)* = 8] @ &7
Nﬂ.l ® Nﬂ.z — N11+12

AR NS

Proof: Straightforward.

4 | INTERVAL-VALUED SPHERICAL FUZZY DOMBI AGGREGATION
OPERATORS

In this section, we introduced a class of new aggregation operators based on IVSF information.

Definition 8: Let 8 = (8§, 8§], [}, ¥], [d§, d§]) be few IVSFVs. Then IVSFDWA operator is given as:
n
IVSFDWA(R{, R, ... R,,) :%eza1 (DsRs)

Theorem 2: Let Xy = ([sfg, s}ﬂ, [ig, i}{], [(jg, d}{]) denote some IVSFVs. Then using the IVSFDWA operator, we

get an IVSFV given as:
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1
| =

1 1
1-— o [1—
§t su

1+{y" . @ 3 1+{3r o (—23—
Z'%—l 3 <1 _ '§12> 2‘7)—1 A <1 — S’u2>

4 8

1 1

IVSEDWA(R,,8,, X5 ... R, = 1’ 1
E\F E\F

N Cl.
L+ T by | —
| o8

1
F\F

Proof: To prove this result, we use the induction method.

When n = 2. Then,

)

1 —dug
v o)

"t
] =

)

IVSFDWA(Ry, Rp) = 8y @ R, = &4 ([31,81] [11, 1], [di, di]) @ @2 ([8%, 8] [12, 1], [d5, d3])
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1 1
1 Fl
E\F o\ F\F
1—d12 1_du2
1 + ¢2 ( dlz 2> 1 + {4)2 < du2
2 2
1 1
1-— ) 1-— |
512 F\F suz F\F
2 3 2
1+ Zg:ld)ﬁ(l—é’;%) 1+ Zg:ld’,g(l_.,uz)
1 1
= 1’ 1|’
1-i2\ )" -2\ )
L+ Z»Zs:lq’%( i ) 1+ 24—14’%( W2 )
3 [
1 1
1 1
1-g2\' ) 1-qu2\")*
) 2 .
a5 e (52
5 ,& 4

Hence for n = 2 the result is true. Suppose that the above aggregation operator is true for n = k. Then:
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Now forn = k + 1, then

Acaderliians-GateLes

1
o\ F\F
1—d“%>
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IVSFDWA(Ry, Ry, 83

o N Ry 1)




1

, 1=

2 F\F
k+1 %
1+ 2,&:1 47,3’ 1_§u§

1y

1 1

1
F
1+{2§:11 D4

1—iu§ f
iuf ]
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Along these lines, the outcome is valid for n = k + 1 which shows that this result is valid for n.

The accompanying example shows the applicability of the IVSFDWA operator.

Example 2: Let X, =

[0.65,0.83],
[0.4,0.54],
[0.26,0.41]

;NZZ

[0.43,0.53],
[0.29, 0.43], |, &,
[0.39,0.47]

[0.77,0.89],
[0.34,0.49],
[0.59,0.68]

[0.71,0.81],
[0.56,0.65],
[0.64,0.65]

and X, =

be four IVSFVs and let F = 1 and @ = (0.15,0.25,0.41,0.19)7. Then
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1
. 1 - 1 1 ll
0.654 0.434 1
- 0.15 (—1 = 0_654) +0.25 (—1 = 0_434) +
0.774 \! 0.714 \!
\ 0.41 (1 - 0.774) +0.19 (1 - 0.714>
1 )
4 1- 1 1
( ( 0.83* ) 0 534 !
. i0.15 T—og3%) TO 25 m— 534 +f
0.894 \' 0 814
R 0.41 (1 — 0.894> +0. 19 ;) 814
[ 1
4 1 1’
—0.4% 1—0.294 1
- 015( 04 ) +0'25<W) +
—0.34%\' 1—0.56%\"
\ 0.41 (—0 347 ) +0.19 (—0 et )
IVSFDWA(Nl, Nz, N3, N4) = : 1 i )
.\ 1
( (1 — 0.544> — 0. 434 1!
. {MS —osar ) O 25 0 434 +f
1 — 0.494 — 0.65%
\ 0.41 (—0.494 ) +0. 19 0 —oest
[ 1
4 1 1’
1—0.264 - 0. 394 L
. 0.15 (W) + 0.25 394 ]
1 —0.594 — 0.64%\'
\ 0.41 (—0.594 ) +0. 19 0 Y
1
4 1 1
1-0.414 1—-0.474 2
- 0.15 (—0.414 ) + 0.25( WA ) }
1— 0.684\° — 0.654\°
R 0.41 (W) + 0.19 0 —oest _
[0.705,0.84],

IVSFDWA(R{,R,, 83, X,) =

The next three theorems give us some properties, including Idempotency, bounded, and monotonicity of

the IVSFDWA operator as follows:

Theorem 3: If N4=([§g,§§], [ifg,ig],[dg,dg]) denote like IVSFVs. ie., Xg=K& for all§, then

IVSFDWA(Ry, 8y, R, ... 8,) = R

Proof: Since Xy = ([sg, sg], [ig, i}{], [dg, d}{]) =N

Then, we have

[0.3412,0.4907],

[0.38,0.523]




IVSFDWA(Nl, Nz, N3 Nn,) =

1 1
1- 7, |1—
E\F 2 \F\F
R s
1+ Y0 o [ —2 1+ 3P, @ <—
{ 8=1 “(1_%)} { 8=1"4 1_§u§
1 1

= (84,84, [ 1], [g%, dv]) = &

1 1
1— 1’ 1_ 1|’
«12 F\F w? F\F
1+ ( %12> 1+ < _j"u2>
1—5,% 1—5,%
| 1 1
Fl’ Fl’
) F ” F
11 1— fug
1+ — 1+ >
it fu
A 3 3
1 1
L 1
F
1+ 2 + u?2
| dy 4y
1 1 1 1
§2 1_1 | 1-1i 1—fu
1+ +
1§t ] N N ! fu?
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Thus’
IVSFDWA(R,, 8, 83, ...1n) = X.

Theorem 4: Let &g = ([8§, 8%], [1§, 1§, [d}, d§]) denote few IVSFVs and X~ = min(&,, X;, X3, ... X,,) and X* =
max(Nq, N, N3, ... 8,). Then
R~ < IVSFDWA(Ry, Ry, R, .. K,) < R

Proof: Let Rg= ([sg s’g] [Ié) Ig] [dé) dg]) (3=123,..n) be IVSFVs and X~ =min(X;,X,,N3,..8,) =
([ 84 1[5 1371 [0, 9y 7]) and & = max(Ry, Rz, X5, . 8a) = ([85 5 687] [157187] [0 a37])
We have$™ = min{['éf%, 'é}%‘]},i_ = max{[fﬁg, H{]},d_ =ma x{[dg, dg]},? = max{['s'&, 'ég]},iJr =

min{[if, 1]}, d* = min{[d}, d§]}

Now consider,

1 1 1
1-— T < |1- < (1- T
w12 \F)F w2 \E)F F\F
Ly o (2 1l o (2 n gt
1 1
1- < [1-— I
S™ n
1+4X8, & (1 — _é_u2> 14+ 125-1 Py (1 = §u2>
1
< |1-

[EN
+
—
™M
3T3
[y
S
3o
—_
—_
=1
=
N+
™
el
——— ————
| =
IA
£ 0000
-y
+
— e
™M
\3”63
[y
S
S =
/N
-y
s =1
Nb—iv
N
N——
N
| =
IA
;
=y
+
——
™M
373
[N
S
3o
=
[EN
= | |
o~ |
N
e
1
N——
| =

1= 1= 1
2\ F) ¥ 12\F)F o\ F)F
1— g+ 1-d 1—d-'
1+{%5, P4 - 1+ Zg‘zl‘%( 2 1+{3L, 05| ——
\ d+ d d‘l
1 1 1
1= s 1
F 2 F 2 F
1—g+? 1—dv 1—-d"
1+{Z§=1¢°‘< g+’ )} 1+{Z§=1¢4< qu? >} 1+{Z§=1¢“< g >}
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Therefore, X~ < IVSFDWA(R,, X, X3, ... 8,) < KT,
Theorem 5: For two sets of IVSFVs Xg and X 8y < X V 8. We have
IVSFDWA = (Ry,8,, X3, ... X,) < [VSFDWA = (X}, R}, RS, ... X))
We introduce the IVSFDOWA operator in the definition, due to the importance of the ordered location of
the uncertain information as given below.

Definition 9: Let X = ([sg sg‘] [Ifg I;)‘] [dé) d;)‘]) be few IVSFVs. Then IVSFDOWA operator is given as:
n
[VSFDOWA(R,, 8y, R, ... &) =& (Psy)

N

Where o(8) (§ = 1,2,3, ...n) are permutations such that X, s=1) = Nogg)

We have the following theorem using the four Dombi operations and the above definition.
Theorem 6: Let Ry = ([sg s},f] [Ifg I},f] [df% d},f]) denote some IVSFVs. Then using the IVSFDOWA operator,

we get an IVSFV given as:

n
IVSFDOWA(Ry, Xy, 53, Xn) =@, (2486 5)

1 1
1-— o [1— 2l
2 ENF .,'uZ F\F
S S
1+ ijglqb%( "(lg) > 1+ zgﬂ%( 05%2) )
\I ~Se(8) —570(8)
1 1
— 1’ 1)’
1-1 1—Iu
1+ Z,g—l d)% > a(8) 1+ Zg=1¢& — a(8)
Foes) Mo
1 1
1’ 1
2 \F F 5 \F\F
1-d 1—du
145, v | —522 1+ 30, vy | —2®
d! du
> o(8) > o)

The accompanying example shows the applicability of the IVSFDOWA operator.
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Example 3: Let X; =

be four IVSFVs and also let F = 1 and @ = (0.15,0.25,0.41

[0.65,0.83], [0.43,0.53], [0.77,0.89], [0.71,0.81],
[0.4,0.54], |, &, = [0.29, 0.43], | and &5 = | [0.34,0.49], | and X, = | [0.56,0.65],
[0.26,0.41] [0.39,0.47] [0.59,0.68] [0.64,0.65]

,0.19)T denote the aggregation-associated weight

vector. First, we compute the scores using Definition 3 as follows:

S(R;) = 0.254, S(X,) = 0.224, S(X

Based on scores, we have Roqy = N3, Koy = Ry, Rp gy = Ry

3) = 0.121,8(X,) = 0.192

Rg gy = Rz So, using the IVSFDOWA operator,

we have
) 1
* 0.77+ \* 0.65¢ \! i
. 0.15 (—1 - 0_774) +0.25 (—1 - 0_654) +
0.714 \! 0.43% \*
\ 041 (1= 571%) +019 (7= q3s)
1 1 |
_ -
* ( 0.89* \' 0 83+ \' \!
. {”5 (1 — 0.894) +0. 25 ~0. 834 }
0814 \! 0 534
[\ 0.41 (1 - 0.814) +0. 19 ~0. 534
I 1
1’
! — 0.34% 1-0. 44 1
015 0344 ) +0.25 T
1 — 0.56% 1 —0. 294
\ 041 e ) +0.19 (575
[VSFDOWA(Rs, Ry, Ry, Ry) = : ,
1’
* — 0.494 1-0. 544 1
{0 15 453 ) +0.25 0544 }
—0.654 —0.43%\!
[\ 0654 ) +019 0434
] - :
1’
! —0.59% 1-0. 264 1
{0 15 —— ) +0.25 0264 ]
— 0.644 —0.39%\!
\ 0644 ) +019 0394
1
1—0.684\" 1—0414
. 0.15 (W) + 0.25 5 414 ]
1—0.65% —0.470\!
R 0.41 (—0.654 ) +0. 19 0 i
[0.685,0.817],
[VSFDOWA(R4, 8y, Ry, 8,) = | [0.3724,0.5227],

[0.35,0.502]
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Theorem 7: If Rg = ([sg, s’g], [ifg, i’g], [(jé‘, d’g]) denote like IVSFVs. i.e., 8y = X for all §, then

IVSFDOWA(R,, 8y, R, ... 8,) = &

Theorem 8: Let Ry = ([§, 8§, [1§, T§]. [d§, di]) be a few IVSFVs. Let X~ = min(X;,X;, X3, ... X,) and X* =
max(Rq, Ny, X3, ... X)) . Then,

X~ < IVSFDOWA(R,, Xy, X3, ...
Theorem 9: For two sets of IVSFVs Xg and X 8y < X V 8. We have

Rp) < XY

IVSFDOWA = (Ry, Ry, Rs, ... 8,)) < [VSFDOWA(R), RY, RS, ... K)y)

In our next work, we aim to discuss the conception of the IVSFDHA operator and its several
properties with examples.
Definition 10: Let 8¢ = ([sfg sg] [Ifg Ig] [dfg d;)‘]) denote some IVSFVs. Then using the IVSFDHA operator,

we get an IVSFV given as:

n .
IVSFDHA(R,, R, .. ?zn) =9, C.

1 ' 1
1 - 1’ 1 - 1\’
"12 F\F .2 F\F
S'a(8) S“o(8)
1+ Zgﬂd)@( ‘f,l”’g > 1+ zgzlcp%( °3
—S'5(8) 1—5%5)
1 1
— 1’ 1y’
- . 2 \F . 2 E\F
1-1t 1—jfu
1+ 25=1 Py - a(8) 1+425-1 P4 - a($)
Focs) 505
1 1
1’ 1
2 F 5 \F\F
1—d 1— g
1 + Zg;l (p% dlz O'(AX) 1 + Zg;l (D% auz O'('s))
Y9 $ o (8)

Where Ry,

weight vector of Xy with ¥§_; ¥y = 1.

At the point when¥ = (1/n, 1/11' ...,1/n), IVSFDWA and IVSFDOWA administrator becomes unique

instances of the IVSFDHA operator.

The accompanying model delineates the pertinence of the IVSFDOWA operator.

the jth is the biggest weighted IVSF values N'N% (RA% = n ‘PN%NA%) ,and ¥ = (P, ¥,, ... W,)7 is the
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[0.65,0.83], [0.43,0.53], [0.77,0.89], [0.71,0.81],
Example: Let X; = [0.4,0.54], |,X, = [0.29, 0.43], |and ®&; = | [0.34,0.49], | and &, = | [0.56,0.65], | be
[0.26,0.41] [0.39,0.47] [0.59,0.68] [0.64,0.65]

four IVSFVs and let ¥ = 1 and @ = (0.15,0.25,0.41,0.19)" denote the aggregation associated weight vector
and ¥g = (0.1,0.19,0.41, 0.3)T. Then first we compute &% = n ¥yXy as follows:

&, =n ¥ & = ((4)(0.1)([0.65,0.83],[0.4,0.54],[0.26,0.41])) = ([0.020,0.066],[0.015,0.047],[0.003,0.017])
R, = n¥,&, = ((4)(0.19)([0.43,0.53],[0.29,0.43],[0.39,0.47]))
= ([0.007,0.015],[0.002,0.011],[0.008,0.016])
R; = n ¥38; = ((4)(0.41)([0.77,0.89],[0.34,0.49], [0.59,0.68]) )
= ([0.118,0.184],[0.002,0.009], [0.019,0.036])
R, =n¥,R, = ((4)(0.3)([0.71,0.81],[0.56,0.65], [0.64,0.65])) = ([0.073,0.119],[0.021,0.038], [0.036,0.038])
8(&;) = 0.0000065, S(&,) = 0.000000019, S(X;) = 0.00044, S(R,) = 0.000076

Based on scores, we have &0(1) =R, &6(2) =R, &6(3) =Ry, }'{g( o= X,. So, using the IVSFDHA operator,
we have:



) 1
- 1
! ( 0.118* \? 0.073* \* )?
. io'ls (1 = 0.1184> +0.25 (1 ~0. 0734 J}
0.024 \? 0.0074
\ 0.41 (1 = 0.024) +0.19 (1 -0, 0074
) 1
- 1
2 2
( ( 0.1844 ) ( 0.119* \
. {)'15 1-o0184%) T025(1=0. 1194 J}
0.066% \* 0.0154
|\ 0.41 (1 - 0.0664) + 0'19< ~0. 0154
I 1
1 )
* 1—0.0024 — 0. 0214 2
. 0'15( 0.002% ) +0. 25( 0.021%
1—0.015%\° —0. 0024
o \ 0'41( 0.0157 ) +°'19( 0.0027
IVSFDHA(R3, Ry, 8y, R,) = : : )
1
' 1 —0.0094 — 0. 0384 2
. {0.15 (—0.0094 ) +0. 25( 0353 ]
1—0.0474\? — 0.0114\?
|\ 0'41( 0.047% ) +0'19< 0.011% ]
) - ;
1)
' 1—0.0194 — 0. 0364 2
. {0.15 (—0.0194 ) +0. 25( 03¢ ]
1 —0.0034\? — 0.0084\*
\ 0'41( 0.003 ) +0'19< 0.008%
1
1
* 1—0.0364\° -0. 0384 2
L {0.15 (W) + 0.25( 0355 }
1—0.0174\° — 0.016%\*
[\ 0'41( 0.017% ) + 0'19( 0.016% ]
[0.078,0.123],
IVSFDHA(R3, Ry, 81, K;) = [ [0.0026,0.0129],
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)

[0.004,0.019]

5 | INTERVAL-VALUED SPHERICAL FUZZY DOMBI GEOMETRIC AGGREGATION

OPERATORS

In this section, we develop a series of robust aggregation methodologies based on IVSF information.

Definition 11: Let &g = ([§, 8|, [1%, I§], [}, d§]) be IVSFVs. Then IVSFDWG operator is given by:

n
IVSFDWG (Ry, Ry ... Ry) = @ (Rg)™
§=1

Theorem 10: Let Xy = ([5%, 8§, [15, I§], [d, d§]) denote some IVSFVs. Then using the IVSFDWG operator,

we get an IVSFV given as:
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1 1
1 1y
F\F F\F
1-§% 1- 8
3 3
oo (T (122
1 1
IVSFDWG(xl,Nz,N3 ...Nn) = 1- 1’ 1- 1l
22 F\F 2 F\F
n U% n I
1 + Z/%ZI (D}% 7lz 1 + 2%21 ¢A& 7u2
114 1— v
1 1
1- 1’ 1- 1
1+ 425-1 Py (1—d12) \l 1+ 425=1 Py (1—du§>
5 A% 5

Proof: Straightforward.
Theorem 11: If X = ([8§, 8% ], [15, 1], [}, d§]) denote like IVSFVs. i.e., Xy = X for all §, then
IVSFDWG (R, 8,5, X3, ... 8,) = R
Theorem 12: Let 8y = ([Sf% s}ﬂ [If% I}{] [df% d}{]) denote few IVSFVs and 8~ = min(X, Xy, X3, ...R,,) and
Rt = max(Xy, Ny, X3, ... 8,). Then
R~ < IVSFDWG(Ry, Ry, R, ... K,) < &Y

Theorem 13: For two sets of IVSFVs Rg and X Rg < R V 8. We have

IVSFDWG (R, 8y, X3, ... 8,) < [VSFDWG (R}, Ry, RS, ... Ky
We introduce the IVSFDOWG operator in the definition due to the importance of the ordered location of the
uncertain information given below.

Definition 12: Let &g = ([$§, 8%, [1§, 1§], [d%, d§]) be few IVSFVs. Then IVSFDOWG operator is given as:
n d)*%
IVSFDOWG (R, Rz, Ry, . 8) = ® (Ro(y) )
5=1

Where a(8) (§ = 1,2,3,...n) are permutations such that & > X

7(4=1) 7
Using the four Dombi operations and the above definition, we have the following theorem.
Theorem 14: Let &g = ([$§, 8%, [15, 1§ ], [d%, d§]) denote some IVSFVs. Then using the IVSFDOWG operator,

we get an IVVSFV given as:
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n d)}%
IVSFDOWG(Ry, Xy, K, .. Xp) = ® (o))
) 3=1

1 1
1’ 1’
2 \F)F |l F\F
1-3% —§
1+ Zg:1 d)A%( :,lz O'(%)) 1+ Z;r%l:1 q’r)%( _,,uz O'('%))
| S'o(8) S%0(9)
1 1
— 1- 1’ 1- 1
.2 F\F .2 F\F ’
it fu
1430, oy —28) 1+430, oy —2F
1-Tg 1 -5
1 1
1-— -, |1- -
2 E\F .2 F\F
d dv
1-—d! 1—dv
> a(8) > a(8)

Theorem 15: If Xy = ([sﬁs, si{], [ig, ii{], [dg, d},f]) denote like IVSFVs. i.e., Rg = X for all §, then
[VSFDOWG (R, Ry, R, ... R,) = R
Theorem 16: Let Xy = ([3§, 8], [1§, T§], [d§, di]) be a few IVSFVs. Let 8~ = min(Ry, X;, X3, ... X,,) and X* =
max (X, X,, N3, ... 8,) . Then
X < [VSFDOWA(Ry, Ry, R, ... K,) < R*

Theorem 17: For two sets of [VSFVs Rg and X such that X5 < X§ V 8. We have

IVSFDOWA = (Ry, Ry, 83, ...8,) < [VSFDOWA(RY, R}, RS, ... 8L)
In our next work, we aim to discuss the conception of the IVSFDHG operator and its several properties with
examples.
Definition 13: Let Xy = ([sg, s},f] [If% i},ﬂ, [df% dfg‘]) denote some IVSFVs. Then using the IVSFDHG operator,

we get an IVSFV given as:
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Py
IVSFDHG(NpNz, n) = ( C’(AX))

N
el
| =
1
| =

a(»x) §u o(%)
1 1
B 1-— -, |1- -|,
- 2 F\F 2 F\F
Ia(»;) I o)
1-1 a(&) 1-T a(m
1 1
1-— -, [1- .
. F\F . F\F
d du
> a(8) ()
14935 05| — 37— Lty Sir @y | o2
_da(%) EaiC))

Where &J(%)the jth is the biggest weighted IVSF values N'A% (&Ay) =n ‘P%NA%) ,and ¥ = (W, ¥,,..¥,)T is the

weight vector of Xy with ¥ _; ¥ = 1.

61 ASTUDY OF THE MADM PROBLEM BASED ON IVSF INFORMATION

In this section, the author proposed a robust technique for the decision-making problem by considering
some appropriate characteristics. To serve this purpose, we assume a class of finite alternatives 0 =
(04,05, ..., 0,,) and a set of attributes represented by F = (Fy,F», ..., Fn) with some specific degree of criteria
X = (Ay,%3, ..., &y) such that 4; >0 and }7.;%; = 1. The initial evaluation of the shortlisted choices is
represented in the form of IVSFVs. The author listed acquired IVSF information in the form of decision
matrix D = (T; /)nxm whose components are trios having the values of three components as closed

subintervals of [0,1]. Decision-maker observed acquired information by using steps of the following

algorithm of the MADM problem.
611 ALGORITHM

The goal of this part is to apply the DAOs of IVSFVs in MADM issues. We likewise investigated the impact

of variation in the values of F on the outcomes.
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Step 1: The decision maker gathers information about an object in the form of IVSF information and list
them in the decision matrix.

Step 2: Change the standard decision matrix into a normalized decision matrix if more than one type of
attribute is involved in the given information; otherwise, this step is unnecessary.

Step 3: Utilized the following approaches of the IVSFDWA and IVSFDWG operators.

1 1
1_ 1’ 1_ 1)
élz F\F 5 2 F\F
1+ zn_<p< ) 1+ zn_qb( )
5=1Py ) 5=1P3 )
1-30 1-8%
1 1
IVSFDWA(Nl,Nz,Ng "'NTL) = 1’ 1l
=2\ )" -2\ )
. )
1+ zgzlcp%( — ) 1+ 2321%( — >
g Iy
1 1
1 1
-2\ 1- g\ )"
)
1+ z%_lcp%( T ) 1+ 2&_1%( 2 )
\ x \ "y
1 1
1’ iy
F\F F\¥f
142 1 — gul
3 3
1+ Zgﬂ‘p&( 12 ) 1+ Z§=1‘p~%< 2 )
\ 578
1 1
IVSFDWG(Nl,Nz,N3 Nn)= 1- 1’ 1- 1l
2 \HF 2 \HF
Iy n Iy
1+{%5, &5 — 1+1%5, &5 —
11y 1 - fug
1 1
1-— T 1- 1
12 \E)F qu2 F\F
b3 b3 A%
1+ zn_cp( “) 1+ z”_cp<—>
8=1"4 2 8=17°43 _ qu2
1-gh 1—duy
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Step 4: Compute the score values of all individuals.
Step 5: To explore a suitable optimal option from available optimal options.

The practicality of the proposed algorithm is described below example.
6.2 | NUMERICAL EXAMPLE

By using developed approaches, we resolved an application of complex challenges under consideration
of IVSF information. Considered a model dependent on innovation commercialization wherein the choice
of different programming bundles is analyzed depending on the accumulation of data under vulnerability.
We follow a similar issue yet with interval-valued SF data to get ideal outcomes. Assume five programming
bundles need to evaluate under four characteristics by utilizing some IVSF information. The ascribes
dependent on which the four programming bundles signified by A;<x<s Will be analyzed to incorporate
Innovation G;: Innovation of the technology G,: The possible potential in the market, G3: Financial
development and Human resources. G,: Future impact. Here we take the weight of the attribute as &4 =
(0.15,0.35,0.1,0.4)Tis adjusted is a weight vector of the characteristics under perception. After beginning
screening, data about the bundles from the chiefs is accumulated in the choice lattice given in Step 1 below.
Given information about the programming bundle listed in Table 1.

Step 1: Initial evaluation by the experts in the form of IVSFVs about the programming bundles.

Table 1. Decision Matrix based on IVSF information.

91 92 g3 (N

Ay [0.11,0.17], [0.4,0.49], [0.6,0.71], [0.45,0.49],
[0.1,0.21], [0.2,0.33], [0.1,0.15], [0.55,0.63],

[0.3,0.4] [0.41,0.049] [0.3,0.39] [0.43,0.55]

A, [0.25,0.38], [0.42,0.59], [0.49,0.51], [0.31,0.41],
[0.2,0.45], [0.39,0.44], [0.16,0.61], [0.55,0.63],
[0.21,0.26] [0.44,0.57] [0.41,0.51] [0.64,0.65]

Az [0.21,0.41], [0.67,0.77], [0.33,0.67], [0.59,0.63],
[0.54,0.61], [0.23,0.55], [0.09,0.27], [0.42,0.51],
[0.31,0.41] [0.17,0.22] [0.44,0.66] [0.32,0.57]

A, [0.42,0.56], [0.38,0.46], [0.19,0.27], [0.22,0.45],
[0.21,0.39], [0.39,0.44], [0.41,0.54], [0.43,0.52],
[0.29,0.31] [0.46,0.61] [0.54,0.59] [0.41,0.69]

As [0.27,0.32], [0.41,0.56], [0.15,0.18], [0.15,0.27],
[0.41,0.45], [0.37,0.45], [0.29,0.33], [0.23,0.36],
[0.21,0.35] [0.43,0.47] [0.37,0.41] [0.38,0.42]

Step 3: This progression includes the accumulation of the data offered by experts in Table 1. Both IVSFDWA

and IVSFDWG operators are used to total the data, and the discoveries are given in Table 2:



Acadelitians-Gatel

Table 2. Aggregated data by using IVSFDWA and IVSFDWG operators.

IVSFDW A operator IVSFDWG operator
A4 [0.5018,0.6084], [0.1423,0.2184],
[0.1109,0.1882], [0.4038,0.4801],
[0.3227,0.0786] [0.3621,0.4435]
Ay [0.4096,0.4883], [0.2997,0.4269],
[0.1949,0.4965], [0.4149,0.5664],
[0.2652,0.3267] [0.5056,0.5462]
Az [0.5356,0.6634], [0.2615,0.4944],
[0.1208,0.3491], [0.4561,0.5446],
[0.2511,0.3289] [0.3662,0.5733]
Ay [0.3567,0.4889], [0.2329,0.3442],
[0.2633,0.4434], [0.3789,0.4885],
[0.3516,0.3858] [0.4609,0.5972]
Ag [0.2910,0.4026], [0.1749,0.2288],
[0.2925,0.3760], [0.3566,0.4107],
[0.2613,0.3888] [0.3584,0.4089]

The conglomeration data obtained in Step 3 are exposed to score values using Definition 4 for positioning
reasons, and all results are drawn in Table 3.

Table 3. Scores values of all individuals.

Scores IVSFDWA operator IVSFDWG operator

Ay (0.3408) (0.0234)
A, (0.2010) (0.0745)
As (0.3775) (0.0755)
Ay (0.1549) (0.0509)
Asg (0.1099) (0.0344)

Step 5: In light of the scores obtained in Table 4, the options are positioned, and the positioning outcomes
are given in Table 5 as follows.

Table 4. Ranking results of score values.
Ranking Analysis

IVSFPWA operator Az > Ay > Ay > Ay > As
IVSFPWG operator Az > Ay, > Ay > As > Aq

Figure 1 also portrays the results of score values listed in Table 3, and the following figure shows the

graphical behavior of the score values. A3 is an appropriate individual from all available alternative.
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Figure 1. covered the ranking of score values obtained by the IVSFDWA and IVSFDWG operators.

63| INFLUENCE STUDY

In this section, the author analysis impact of several parametric values of the Dombi aggregation tools
on the outcomes of the IVSFDWA and IVSFDWG operators. By setting different parametric values of the
Dombi aggregation tools in step 4, compute consequences from currently developed aggregation
methodologies. All commuted results are listed in Table 5. From Table 5, we examined the ranking of score

values that remain unchanged by setting different parametric values of the Dombi aggregation tools. This

study shows that our proposed methodologies are superior to existing aggregation approaches.

Figure 2 and Figure 3 cover the results of score values obtained by the IVSFDWA and IVSFDWG

operators and show the graphical behavior of estimated values.

Table 5. covered results of score values obtained by the IVSFDWA and IVSFDWG operators for different parametric

values of the Dombi aggregation tools.

S(A1)  S(Az)  S(A3)  S(As)  S(As) Ranking and ordering
F=1 (02705 (0.1708) (0.2884) (0.1275) (0.0809) oAz >A; > A, > Ay > As
F=3 (0.3784) (0.2224) (0.4309) (0.1725) (0.1340) Az > Ay > Ay > Ay > As
F=15 (0.4636) (0.2858) (0.5630) (0.2171) (0.2072) Az > A1 > Ay > Ay > Asg
F=25 1(04733) (0.2948) (0.5801) (0.2231) (0.2169) Az > A1 > Ay > Ay > Asg
F=35 (04774) (0.2988) (0.5875) (0.2257) (0.2212) Az > A1 > Ay > Ay > Asg
F=40 (04787) (0.3000) (0.5898) (0.2265) (0.2226) oAz > Ay > Ay > Ay > As
F=65 (04822) (0.3034) (0.5960) (0.2288) (0.2262) oAz > Ay > Ay > Ay > As
F=85 (04835) (0.3048) (0.5983) (0.2296) (0.2276) oAz > Ay > Ay > Ay > As
F=100 (0.4842) (0.3054) (0.5995) (0.2300) (0.2283) Az > Aq1> Ay > Ay > Asg
$S(A1)  $(Az)  $(A3)  S(Ag)  S(As)  Ranking and ordering
F=1 (0.0408) (0.0976) (0.1037) (0.0657) (0.0416) Az > A, > Ay > As > A,
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F=3 (0.0181) (0.0614) (0.0625) (0.0434) (0.0306) Az > Ay > Ay > As > Ay
F=15 (0.0107) (0.0340) (0.0391) (0.0287) (0.0229) oAz > A, > Ay > As > A,
F=25 (0.0101) (0.0311) (0.0368) (0.0271) (0.0221) oAz > A, > Ay > As > Ay
F=35 (0.0098) (0.0298) (0.0358) (0.0263) (0.0217) oAz > A, > Ay > As > Ay
F=40 (0.0097) (0.0294) (0.0355) (0.0261) (0.0216) oAz > Ay > Ay > As > Ay
F=65 (0.0095) (0.0284) (0.0347) (0.0255) (0.0213) oAz > Ay > Ay > As > A,
F=85 (0.0094) (0.0280) (0.0344) (0.0253) (0.0212) oAz > A, > Ay > As > Ay
F=100 (0.0093) (0.0278) (0.0343) (0.0252) (0.0211) oAz > Ay > Ay > As > Ay

0.7000
0.6000
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0.4000
0.3000

\

Score values

\

0.2000
0.1000

0.0000
F=1  F=3 F=15 F=25 F=35 F=40 F=65 F=85 F=100
Variation in parametic values

— ] e— A2 A3 Al \5

Figure 2. covers the ranking of score values obtained by the IVSFDWA operator.

0.1200
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0.0000
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— ] e— A2 A3 Al e N5

Figure 3. covers the ranking of score values obtained by the IVSFDWG operator.

7 | CONCLUSION

In this article, we expose the theory of IVSF information, which is the modified version of picture fuzzy
sets and spherical fuzzy sets. The IVSFS has maintained vague and imprecision information on human

opinion. The objectives of this article are illustrated as follows:
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Some appropriate operations of Dombi aggregation tools under the system of IVSF information.

—_

2. We developed a class of new approaches based on IVSF information, including IVSFDWA and
IVSFDWG operators.

3. We discussed some notable features of proposed aggregation operators to express the effectiveness
of proposed approaches.

4. To resolve complicated real-life situations, an algorithm for the MADM problem is established
under our proposed methodologies.

5. Using our invented approaches, a numerical example gave to choose an appropriate programming
bundle.

6. To reveal the applicability and effectiveness of proposed methodologies, examined the impact of

different parametric values of the Dombi aggregation tools on the presented approaches' results.

In the future, we try to resolve complicated applications like renewable energy, waste management
enterprises, selection of raw materials, game theory, and computational and environmental science. We will
extend our invented research work in different fuzzy circumstances like t-spherical fuzzy sets [32], complex

spherical fuzzy sets [33], similarity measures [34], and Linear diophantine fuzzy environments [35].
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