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1 | INTRODUCTION

When we investigate the complex-valued analytic and univalent functions, we observe that in making
different estimations about these functions, there is a major role in studying coefficient problems. Talking
about these problems, we have different types to study, some of which are coefficient-related bounds,
necessary as well as sufficient conditions, covering results, both Hankel and Toeplitz determinants, and
similarly many coefficient-related inequalities and conjectures. The well-known Hankel matrix was
named after its introduction by Hermann Hankel. This structure is a square matrix which is symmetric

too and particularly has the same entries in its skew diagonal. To study the above mentioned two
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important definitions in relation to each other, we form the Hankel matrix having the power series
representation of analytic functions as its elements. Before going into details about this interesting relation,
we give a brief collection of important definitions. If we consider an analytic function f, which is defined
in the disk D = {v € C: |v| < 1} and which also satisfies the conditions f(0) = 0 and f'(0) = 1, then the
collection of such functions is denoted as A, and these functions can be written in the following power
series/Taylor series form:

fO) =32, apt, (e =1). (L)

Furthermore, recall that an analytic function is univalent in the region D if it takes no value more than
once in D. That is, f being univalent in D means mathematically that f(v,) = f(v,) implies v; = v, for
v1,V, € D. Thus, by the symbol §, we denote the class of univalent functions with series representation
(1.1).

From Linear algebra, we know that the determinant associated with any square matrix is a significant
number that highlights many algebraic and geometric characteristics of that matrix. The A** Hankel
determinant for any element function of A which is associated with its matrix is defined based on the

coefficients of the series given in (1.1), is given by:

Qn An+1 - Qnia-1

An+1 An+2 - Qnia
}[A,n(f ) = : : :

An+i-1 An+a - Qni2i-2

Finding an upper bound function of this determinant is the main purpose, we study these
determinants. When we variate the values of A and n, we get different forms of the Hankel determinant

Hj(f) given as:

2

as| 5
, a,| = %204

Hoa(f) = |Z; Z§| =aa3— a3,  FHyo(f) = |Z

These determinants have their significance, for example, H; ; is known as Fekete-Szego functional [1]
and H, , is another well-known and thoroughly researched, second Hankel determinant.

In history, we can trace back to the initial research taking place in 1966, by Pommerenke [2], [3] who
developed the initial results and related the Hankel determinants with univalent functions as well as p-
valent functions and starlike too. This was taken up by Noonan and Thomas [4] in 1976, who discussed
the second Hankel determinants for p-valent functions. Then Noor contributed in this direction through
multiple works published in 1983,1987,1992 [5], [6], [7] in which the author studied these special types of
determinants for different types of functions including the close-to-convex functions, those functions
which are defined with bounded boundary rotations and those called close to convex function of higher
order. These researches can be found respectively in the published papers cited earlier. A similar kind of

study was done by Ehrenborg [8] in 2000 but he did it for exponential polynomials. Layman followed his

footsteps and got his work published in 2001 [9] where he presented a thorough study on the Hankel
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transform and explored some of its properties. Janteng et al. [10] 2007 extended the dimension of this
research from the perspective of symmetric points of convex and starlike functions.In recent years, we
have seen remarkable contributions by eminent researchers in this area. Realizing the importance of the
use of Logarithmic functions in several applied sciences, Bilal et al. [11] in their article published last year,
used the coefficients of these functions to work out the well-known problem of finding the bounds of the
Hankel Determinant of order 3. They calculated these results for some sub-collections of starlike including
sine functions. A couple of years ago, Hatun and Busra [12] did a tremendous job by presenting their
research on the computation of the upper bound of the 4th order of this determinant and they did this for
a special sub-collection of functions that comprised star-like but in particular those which were defined in
perspective of modified sigmoid functions. In the same year, the well-known geometric function theorist
Srivastava [13] along with his fellow researchers calculated similar result related to Hankel determinant
of order 3, and they did it for entirely a new group of functions after defining them as “q-starlike function”
that was defined using the “g-exponential functions”. Their research opened new direction for the research
output to come in future.Working on the lines of Zhang and Tang [14] studied similar problems for this
determinant of order 4. They also presented their results for functions that were starlike but connected
with sine functions. Various dimensions of research related to studying the connection between classes of
complex valued functions and that of Hankel determinant could be observed evidently in these recent
years. We find Kumar and Kumar [15] working differently and their research article published in 2021
brought the computation of some sharp and much refined results. Their results were related to the 3rd-
order Hermitian-Toeplitz determinant and their bounds, both upper and lower. They did it for three
different groups of starlike functions including strongly, Lemniscate, and lune. They carefully and
vigilantly proved the connection of their presented research with a strong review of the literature. The
research related to a collection of those functions which were connected with k-Fibonacci numbers and
defined using g-derivative. This collection was thus named “g-starlike functions by the authors Shafiq
et.al. [16]. The authors computed the upper bound of 3rd order Hankel for this new group of analytic
functions. Highlighting the importance of geometrical properties of analytic functions,
Murugusundaramoorthy et.al, [17] gave a powerful contribution by introducing a new sub collection of
these functions using the well-known Carlson and Shaffer operator. Later on, while presenting their
interesting results, they highlighted the fact that their considered functions were related with a shell
shaped function. The variety of results that they proved in their article included the bounds of power
series expansion’s 4 coefficients as well as the related results for Fekete-Szegt and for 2nd order Hankel
determinant for those functions that were elements of their newly defined group.The readers who are
interested to know the initial research appearing before these fantastic results can go through Mahmood

et.al [18] and Srivastava et.al. [19]. These articles were published in year 2019. The former of them worked
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on computation of bounds of 3rd order Hankel for those functions which were defined in perspective of
the famous operator known as “Ruscheweyh-type g-derivative”. The latter group calculated these results
for a new group of functions which was introduced by them using the lemniscate of Bernoulli. They
backed up their results with strong references and by giving proofs of some more relevant results. Inspired
by this earlier work, 3 years later, some interesting results were proved by Raza and his team [20] which
was a much more generalized version. They presented the results related to Hankel and the bounds of
coefficients. Their results were meant for a sub-collection of starlike functions but those which were
particularly relevant to Booth lemniscate. They also computed the 1st four coefficient bounds which were
mathematically refined (sharp) also 2nd and 3rd ordered Hankel determinants as well as they proved the
Zalcman conjecture for their newly defined collection of functions.

For some more interesting results, one can also see [21], [22], [22], [23], [24], [25], [26] and the references

that are quoted in these articles.

In 1959, Sakaguchi [27] generalized class §* = {f ES: ER% >0 (ve ]D))} of starlike functions by

introducing the class S; of starlike functions associated with symmetric points. In 1977, Das and Singh [28]
used this concept to develop the family K; of convex functions with symmetric points. In both of these

papers, the family ¢ and X are defined as follow

. _ 2vf'(v)
&_{fE&mfGTrﬁjﬁ>0 @ED%,
2(vf' @)’ }
K, ={f €ES:R ; € D).
{f (f@) - f(-v)) vew

Sakaguchi stated that S; a subclass of the class C the class of close to convex function contains the class
convex and odd starlike function about origin. After that, many researchers present several new univalent
function subclasses about symmetric points and discuss coefficient-type results; see a few of them in [29],
[30], [31], [32], [33].

Now, due to the above facts, we define the family §¥ ., by the following representation:

2(vr' W)’

:m <ev (U € ]D)} (12)

§Kexp = {f €S

In this paper, we investigate the sharp estimates of coefficients, Fekete-Szeg6, Zalcman inequalities,
and sharp bound of a second-order determinant for the class K.y, of convex function for symmetric
points linked with exponential function. Further, we also investigate the inverse and logarithmic
coefficients for the same class.

2 | SET OF LEMMAS
Let also £, be the family of Schwarz functions, i.e., holomorphic functions w: D = D, w(0) = 0. We can

write the function w € £, as a power series
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w(v) = Xnly §u™ (2.1)
Lemma 2.1 [34] Let w(v) = Y51 &,v" be a Schwarz function. Then for any real numbers ¢ and ¢ with

(0,¢) € D; U D,, we have the following sharp estimate given by

183 + 0818, + 687 < 1.
Where

1
D, ={|O’| SE,—lﬁcsl},

1 4
D, = {5 <lol<2,—(+loD* - (+lo]) <5 < 1}.

Lemma 2.2 [35] If w € L, is in the form of (2.1), then
1l <1-161%  (2.2)
€l <1L,n=>1. (2.3)
Moreover, the inequality of (2.2) can be improved in the manner of
1§, +néfl <max{1,Inl}, necC. (24)
Lemma 2.3 [36] Let w(v) = & v + &v?%+... be a Schwarz function. Then

Gl 1-162 -0 @5

1+ 1
1€l <1 - 1612 — 1817 (2:6)
Lemma 2.4 [37] Let w(v) = & v + &v?+... be a Schwarz function. Then
1§18 — &3l < 1-1&1%
Lemma 2.5 [38] Let w(v) = &;v + &v?+... be a Schwarz function and ¥ € C. Then

1§43+ 26185 + 087 + (L +2m)E08 +néi|l s max{Lnl},  (27)
and
84+ L+ &g + 82 + (1+2mEEE + 8l < max(1, Inl}. (2.8)
There is much greater potential in the method that Efraimidis used to prove his lemma. Inequalities
involving the fifth coefficient of w € L, can be obtained using this approach [39].
3 | COEFICIENT BOUNDS FOR f € $Ky,
We first start with the coefficient bounds of f € §K ey,

Theorem 3.1 Let f € SK,,,. Then

These all bounds are sharp.
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Proof. Assume that f € SKy,. From the definition, we know there exists a Schwarz function w such

that
2(vr'®)’
= ew), 3.1
(F)-r(-w) G-1)
Utilizing (1.1), we get
Z(Uf'(“))’ 2 3 2 4
————:=144a,v + 6azv° + (—12a,a; + 16a,)v> + (—18a5 + 20ag)v* + ---. (3.2)
(F@-r(-v)
Let
w@) = &v + &u? + &ud + vt + e (3.3)

After easy computation and the series expansion of (3.3), we obtain
1 1
W = 14 gt (6458 )07 + (6 + fao + 28 )07

+(Ea+ Ea8s +38 + - E 2808 vt + (34)

Now by comparing (3.2) and (3.4), we have

a, = igl, (3.5)

as =& + 56, (3.6)

a4 =16+ 108t 566 (3.7)
a5=%§22+%f4+%f1252 +%flf3+§10§f- (3-8)

The bounds of a, and a3 are clear. For a, rearranging, we get

| I_1 +3 +5 3
Ay =16 &3 Eflfz ﬁsﬂ-

By applying triangle inequality and Lemma 2.1 with o = ; and ¢ = 1—52, we obtain

<
lay| < 16
Reshuffling (3.8), we have
20las| = |3 (&4 + 26,6 + B + 3825, +ED +5 (L + 8 -2 - g5)| 69
From (2.8) with = 1, the first component is bounded by 1/2. By Lemma 2.3, the second component

can be estimated as follows.

1 2 1 2
S|g+a-set-gal s [1-1ar - 1ar 6P+ 5181 16 PA - 16|
1 1| " < 1
=274l =y
Adding the estimates of both components of (3.9), we get
1
|a5| < %

The bounds on the estimation of |a,|, |as|, |as| and |as| are sharp with the extremal functions given

respectively by



W)’
M e@W=14p42 SV 24 (3.10)
(Fr-f(- v))
)
M e@) =1 49241 ~u 44 (3.11)
(F@)-f(-v)’
)
M eV =1+ +2054., (312
(F@)-f(-v)’
)
2(or' ) =e® =1+vt 4108+ (313)

(Fo-f-v))

Theorem 3.2 Let f € SK,,,. Then

4 —3n
lag —na3| < max{ ‘ }
6’

This result is sharp.

Proof. From (3.5) and (3.6), we achieve

1 1 3
lag —na3| = Z 152 +Ef12 —577512 )
1

6

$2 + (4 377) &

Implementation of Lemma 2.2 and triangle inequality, we get

4 — 377}

<
las —na3| < max { < ‘
Putting n = 1, we get the following result.

Corollary 3.3 If f € S§K,,, is of the form (1.1), then

las — a3 < =.
as; — a? c

Equality holds for the extremal function given by (3.11).
Theorem 3.4 Assume that f € §X,,, be the form of (1.1), then

1
< —
lay a2a3|—16

This result is sharp for the extremal function provided by (3.12).

Proof. From (3.5), (3.6) and (3.7), we obtain

| | = 1 +5 4 1 3
Ay a2a3—16 ¢3 65152 1251;

So taking o = % and ¢ = — in Lemma 2.1 yields
6 12

— < —
lay — azas| < 16
Which is the required proof.
Theorem 3.5 Let f € SK,,,. Then

1
|‘7'[2'2| S %

Equality is hold for the extremal function given by (3.11).

Acade
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Proof. From (3.5), (3.6) and (3.7), we have

1., 9 5
fz +af1 _Eflf3 +§f1fz

1 1 1 5
@ -8 +—(—€f —Shis + 818 + )

Lo L 5 o
<216 ~ 6l + 3 g 6 — 366 + e R + 6
_ 2 M, + ! =M
—ht e
where
M, = |S(22 —$16l
and
4 1 5 2 2
My = |55 88— 5 u6s + o806 + 83

Using Lemma 2.4, we get M; < 1. For M, using triangle inequality and Lemma 2.3, we have

1 1 2
M| < §|f1|4 +§|f1| (1 — 1§17 - 1|i2||5 |> —|f1| 1§21+ 1&21%,
1 1€111&21?
—3—2|f1|4 |E1|—§|E1|3 81+ 1, |)+—|f1| 1§21+ 1&21%,
<plalt+slal—slalR+16P° (1- gis) +lallel G4

. _ 1€l _ 2
Since (1 s(1+|51|)) > 0. Therefore, we can put |&,| < 1 — [&;]* in (3.14), we have

|M,

1
<55 lal+ |51|—§|51|3+<1—|51|2)2<1—i) AR A}

8(1+ 1¢.0)
Let us put |[§;]| = x and x € (0,1], we get

IM,| < 1 252, B — F(x).
2 16* tgpxt =F

As F'(x) = 0, F(x) is decreasing function of x, so that it gives the maximum value at x = 0
IM,| < 1.

Hence
1 1 1
|j‘[2’2| < EMl + EMZ < 3
4 | LOGARITHMIC COEFFICIENT FOR SHKexp

The logarithmic coefficients of a given function f, represented by y,, = ¥,,(f), are described as

“log (B2) = Ty o (&)

v

The concept of extrapolating the Hankel determinant with logarithmic coefficients as an entry appears
obvious. In [40], [41], [42], Kowalczyk et al. first introduced the Hankel determinant using logarithmic

coefficients as the element, we have:



Acadel
Yn Yn+1 - Vn+q-1
Vn+1 Yn+2 - Vn+q
Hon(Fr/2):= : : 4.2)
Vn+q—1 Yn+q - Vn+2q-2

In particular, it is noted that
Vi v
7'[2,1(Ff/2) = |y; Vzl = |y1¥3 _sz|-
For more studies of logarithmic coefficients, see the articles [43], [44].

If f is given by (1.1), then its logarithmic coefficients are given as follows
yi=5a, (43)
v2=3(as—303) (49
Y3 = %(a4 — ayas +%a%). (4.5)

Theorem 4.1 Let f € SK,,,. Then

[EnN

< =
|Y1|—8

—_

<—
72l 12

1

<

These all bounds are sharp.

Proof. Applying (3.5), (3.6), (3.7) in (4.3), (4.4), and (4.5), we get

1

y=1a, (4.6)
1 5

Y2 =5%2 +E€12' 4.7)
1

Y3 = 553 1925152 1925 (4.8)

The bounds of y; and y, are clear. For y; rearranging, we get
1 5 1.,
lvsl = BT $3 +gf1fz +gf1 :
Applying triangle inequality and Lemma 2.1 with ¢ = g and ¢ = %, we obtain

1
<_
¥l =37

Equalities hold for the function given (3.10), (3.11), (3.12) and using (4.3), (4.4), (4.5).

Theorem 4.2 If f € §K ey, is of the form (1.1), then

| 2| < { 3"}
Y2 — N1 max 12’ 192

This result is sharp.
Proof. From (4.6) and (4.7), we get

5 3n
Iy, —nvil ==& +—€12 —1—6512,

2+(5_ n){:l

1

ians-Gate

73



LM A cadenieians-Gate

Implementation of Lemma 2.2 and triangle, we get.

lys —ny2l < — 3
e m""’({12 | 192 ‘}

Putting n = 1, we get the bellow corollary.
Corollary 4.3 If f € §K,,,, is of the form (1.1), then

Y2 = v?l < —
YV2—VYil = 12"
Equality is determined by using (4.3), (4.4) and (3.11).

Theorem 4.4 Let f € SK,,,. Then

1
< —
s —1rival < 35
This result is sharp. Equality is determined by using (4.3), (4.4), (4.5) and (3.12).

Proof. From (4.6), (4.7) and (4.8), we get

| | = 1 +1 N 1 3
V3 V1V2—32 &3 251‘52 1651’

so, taking 0 = Zand ¢ = —in Lemma 2.1 yields
2 16

1
< —
lvs —v1v2l < 37

Which completes the proof.
Theorem 4.5 If f € SK,,, is of the form (1.1), then

1421 (Fr/2)| = Iravs = V3| < 7
This result is sharp. Equality is held by using (4.3), (4.4), (4.5) and (3.11).

Proof. From (4.6), (4.7) and (4.8), we have

1

N T P
[v1vs —v3l 14452"'

5
S(1 65153 +§S(1S(2

256

1 5
2@ 68 +3 (s — bk + 86+ 8)

144 128 8
L 4 Lo v S e e
_288 §3 —&&3 288 12851 8513‘3 165152 &3
= ! N, + L N
T 2881 288 %
where
N, = |'522 _5153|
and

1
N, = 1285 5153 68(128(2"‘522

Using Lemma 2.4, we achieve N; < 1. For N, using triangle inequality and Lemma 2.3, we have
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€212 5
44 — 2 _ - 2 2
N2l < sl + mmlmllﬂm+mmwmw¢
1 1§111&1?
&+ _ 53 2
< 128 |f1| |S(1| 3 1&11° — 8(1 G |) |St1| 1&2] + 16212,
ség&ﬁ+§%&—§&ﬁ+Hﬂ%l—@faﬂ+§wmwﬂ (49)
Since (1 — 8(1|ill(|$1|)) > 0. Therefore, we can put |&,| < 1 —|¢;|? in (4.9), we have
INy] < 6,1 + wwﬁuuuﬂmW1—Jﬂ— wubkm
21 =128"1 1oght ! 8(1+ &, ! !

After elementary calculus of maxima and minima, we get
IN,| < 1.
Hence

1 1 1
|#21(Fr/2)| < 5ggNi + 555 N2 < 7

Hence this is our required proof.

5 | INVERSE COEFFICIENT FOR 8$X ¢y,
The renowned Koebe 1/4-theorem ensures that for each univalent function f defined in D, its inverse
f ! exists at least on a disc of radius 1/4 with Taylor’s series of the form representation
RO =8+, 48" (IE1<3). 6D
Using the representation f(f ~1(¢)) = &, we get
Ay =—a, (5.2)
A =—a; +2a%2 (5.3)
Ay = —a, +5a,a; — 5a3.  (5.4)

Understanding the geometric behavior of the inverse function has attracted a lot of attention from
scholars recently. For example, Krzyz et al. [45] calculated the upper bounds of the initial coefficient
contained in the inverse function f~! when f € §*(8) with 0 < g < 1. Further, Ali [46] find the sharp
bounds of the first four initial coefficients for the family §5*(¢) (0 < { < 1) of a strongly starlike function
as well as the sharp estimate of the Fekete-Szeg6 coefficient functional of the inverse function. For study
of inverse coefficients, see the articles [47], [48], [49], [50].

Theorem 5.1 Let f € §K,,,. Then

142 <

NN

43| <

These bounds are sharp.

Proof. Applying (3.5), (3.6), (3.7) in (5.2), (5.3), and (5.4), we get
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4y = =36 (55)
1 1
Az = 5512 _gfz (5.6)
11 1
Ay = %5152 _Ef3-(5-7)
From (5.5), (5.6) using Lemma 2.2 and a triangle, we get
1 1
|A2| < Z and |A1| < E
Equalities hold for the bounds |A4,|, |A3| which is given by (3.10), (3.11) and using (5.2), (5.3).

Theorem 5.2 If f € SX,,,, is of the form (1.1), then

3 2
|A; —nA3] < max{ n- ‘}

Aera
This inequality is sharp.

Proof. From (5.5) and (5.6), we have

1 3n
|As —nA3l =2 |82 — 780 + 5 &F
1 3n —
=% 2+ ( )fl
Implementation of Lemma 2.2 and triangle inequality, we obtain.
3n—2
|A; —nA3| < max{6 | 1 ‘}
Putting n = 1, we get the following corollary.
Corollary 5.3 Let f € §K,,. Then
1Az~ nA3] < 2
3TNl =%

Equality is determined by using (5.2), (5.3) and (3.11).
Theorem 5.4 If f € SX,,,, is of the form (1.1), then

1
Ay — AA3l < —.
| <7

Proof. From (5.5), (5.6) and (5.7), we get

1 7 1,
14y = AxA5] = 2|85 — g s — 240,
and so taking o = —Zand ¢ = —=in Lemma 2.1 yields
6 6
1
|4y — A5 < 7.

16’
Which is the required proof.

Theorem 5.5 Let f € §K,,,. Then

1
|7'[2,2(f_1)| = |44, — 43| < 36

This result is sharp. Equality is held by using (5.2), (5.3), (5.4) and (3.11).



Acaderfiéians-Gate A4

Proof. From (5.5), (5.6) and (5.7), we have

2 17 , 9 2
|AzA, — A3 Eﬁfz‘ﬁfﬁ%"‘fz

36|16

11 1 17
=l @ a0 +3 (58 - st oL+ 8)

1 17
& —55153 +Ef1zfz +&3

1, 1
<16 — a6l + o |

= ! R+ ! R

7R
where

Ry = |S(22_S(1f3|
and

1, 1 17
R, = |§f1 _55153 +1_68t1fz +&5

Using Lemma 2.4, we obtain R; < 1. For R, using Lemma 2.3, we have

1+ 18]

181115217
B+ IGD

Lieaya iz 1123 2(1 14l 171z 12
<glalt+5lal -5 16 P + 1612 (1 8(1+|§1D)+16|51| 1621.(5.8)

1 1 2
|R2|S§|f1|4+§|f1|<1—|f1|2— | > |f1| 1&,1 + 1€,12,

1
1§, 1* + 2 I51I—§|§1|3 Ifll 1821 + 18212,

ool»—\

Since (1 — 8(51'1(1')) > 0. Therefore, we can put |&,| < 1 — |¢;|? in (5.8), we have

1 14
IR <2 |é’1|4 Is‘1|—§|<f1|3+(1—|<f1|2)2 (1_8(T|51|)) Is‘1| (1= 1&12).

After elementary calculus of maxima and minima, we get
IR,| < 1.
Hence

|7'[22(f 1)| < _R1 72R2 < 3_16

Which is the required proof.
6 | CONCLUSION

We have studied a novel class of convex functions with symmetric points which are defined by
subordinating to exponential function. Certain coefficient problems like the first four coefficient bounds,
the second Hankel determinant, and Fekete-Szeg6 inequality for the said convex functions as well as for

the coefficients of inverse and logarithmic functions are investigated. It is worth to mention that all the

obtained results are sharp.
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