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A B S T R A C T  

This manuscript focuses on developing and generalizing fixed-point 

results within the framework of neutrosophic metric spaces of integral 

type. By employing the common property (EA) and four self-mappings 

the study investigates the conditions necessary for the existence and 

uniqueness of fixed and common fixed points in neutrosophic metric 

spaces. To guarantee the validity of the results, the mappings under 

examination must meet certain contractive conditions and implicit 

relations such as being Lebesgue integrable and summable and non-

negative. This work builds on the foundational concepts of fuzzy metric 

spaces and intuitionistic fuzzy metric spaces extending their 

applicability to the neutrosophic context. Nontrivial examples with 

graphical representations are given to demonstrate the theoretical 

conclusions and demonstrating the correctness and practical 

significance of the proposed theorems.  The manuscript also explores 

the relationships between various mappings and highlights the role of 

weak compatibility and continuity in achieving the common property 

(EA). 

 

K e y w o r d s : Fixed point (FP); intuitionistic fuzzy metric spaces 

(IFMSs); neutrosophic metric spaces (NMSs); Intuitionistic fuzzy sets 

(IFSs.) 

( M S C 2 0 2 0 )  C o d e s :  47H10, 54E35, 54E35, 03E72   

 

1 | INTRODUCTION 

Zadeh introduced the concept of fuzzy sets (FSs) [1], which fundamentally altered how imprecise 

and uncertain data is represented and had a significant impact on numerous scientific domains. Since its 

origin, fuzzy sets theory has seen significant development, giving rise to numerous extensions such as 

FSs and neutrosophic sets which offer improved approaches to handling challenging data. The concept 

of metric-like spaces, an extension of conventional metric spaces, was proposed [2]. B-metric-like spaces 
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were introduced [3], and the work was advanced by developing controlled metric-type spaces (CMLS) 

and proving several significant contractive mapping results [4],[5].  

Fuzzy metric spaces (FMSs) were first established [6], although a different definition was suggested 

[7]. The fuzzy version of the Banach contraction principle was provided [8], and the extension of the 

Banach fixed-point theorem (FPT) was given [9], both of which strengthened the basis of FMSs. Work on 

statistical metric spaces [11] extended fuzzy b-metric spaces [13], and fuzzy b-metric spaces have further 

expanded these ideas [10]. Controlled fuzzy metric spaces were classified and the concept of controlled 

metric spaces was generalized [14]. Fuzzy metric analogous spaces and fuzzy metric-like spaces were 

studied [15]. The technique using continuous t-norms and t-conorms was introduced, and research into 

intuitionistic fuzzy metric spaces (IFMSs) received considerable advancements [18]. This progress was 

followed by work on intuitionistic fuzzy b-metric spaces [21], intuitionistic fuzzy topological spaces [24], 

and related fixed-point results [19]–[23]. The concept of the common EA property was defined [25]. Some 

fixed-point theorems in complete metric spaces were generalized [26]. 

For integral-type inequalities, a fixed-point result under the method of the Banach contraction 

principle was obtained [27], while later works [28]–[36] expanded these results using generalized 

contractive conditions of integral type. A class of implicit functions was introduced to prove new 

common FP theorems [37]. We generalize and discuss fixed-point results with four self-mappings in 

NMS. 

The primary objectives of this study:  

1. This research aims to extend the understanding of fixed-point theory by introducing and 

proving new results within the framework of neutrosophic metric spaces. By utilizing 

advanced mathematical concepts such as integral-type contractive mappings and the 

common property (EA). This study explores the conditions necessary for the existence and 

uniqueness of fixed points and common fixed points in NMS.  

2. To enhance existing literature on fuzzy metric spaces and intuitionistic fuzzy metric spaces 

in NMS.  

The manuscript is structured as follows:  

a) In section 2, we study the fundamental definitions and preliminary results like continuous t-

norm (CTN), continuous t-conorm, intuitionistic fuzzy metric spaces, neutrosophic metric 

spaces, common property (EA), and Lamma which support our main result.  

b) In section 3, we discuss Implicit relations and their significance in the context of fixed-point 

theory. Furthermore, illustrative examples are provided to demonstrate the practical 

application of these relations and offer insights into their behavior and utility within NMS.  
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c) The essential results, including corollaries, lemmas, and fixed-point theorems, are presented 

in section 4. These results are accompanied by detailed proofs and supported by nontrivial 

examples some of which are illustrated graphically to enhance clarity. 

2 | PRELIAMINARIES  

In this section, some basic definitions are given that are helpful to understand the main results. 

Definition 2.1: [31] A binary operation ∗: [0,1] × [0,1] → [0,1] is said to be CTN if the following 

conditions are satisfied: 

1. ∗ is commutative and associative, 

2. 𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1], 

3. 𝑎 ∗ 1 = 𝑎 for all 𝑎 ∈ [0,1], 

4. ∗ is continuous. 

Definition 2.2: [31] A binary operation ⋄: [0,1] × [0,1] → [0,1] is called the CTCN if the following 

conditions are satisfied: 

1. 𝑎 ⋄ 0 = 0 for all 𝑎 ∈ [0,1], 

2. ⋄ is continuous, 

3. 𝑎 ⋄ 𝑏 ≤ 𝑐 ⋄ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 for each 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1], 

4. ⋄ is commutative and associative. 

Definition 2.3: [35] A 5-tuple (𝐶, 𝜒, 𝜔,∗,⋄) is called IFMS if 𝐶 is an arbitrary nonempty set, ⋄ CTCN 

and ∗ is a CTN, 𝜒, 𝜔 are FSs on 𝐶2 × [0, ∞] and verify the following conditions. For each 𝜏, 𝜎, ℴ, ∈ 𝐶 and 

𝑡, 𝑠 > 0 

1. 𝜒(𝜏, 𝜎, 𝑡) + 𝜔(𝜏, 𝜎, 𝑡) ≤ 1, 

2. 𝜒(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶, 

3. 𝜒(𝜏, 𝜎, 𝑡) = 1 for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0 if and only if 𝜏 = 𝜎, 

4. 𝜒(𝜏, 𝜎, 𝑡) = 𝜒(𝜎, 𝜏, 𝑡), for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0, 

5. 𝜒(𝜏, 𝜎, 𝑡) ∗ 𝜒(𝜎, ℴ, 𝑠) ≤ 𝜒(𝜏, ℴ, 𝑡 + 𝑠), 

6. 𝜒(𝜏, 𝜎,⋅): [0, ∞] → [0,1] is left continuous, 

7. lim
t→∞

𝜒(𝜏, 𝜎, 𝑡) = 1, 

8. 𝜔(𝜏, 𝜎, 0) = 1, for all 𝜏, 𝜎 in 𝐶, 

9. 𝜔(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0 if and only if 𝜏 = 𝜎, 

10. 𝜔(𝜏, 𝜎, 𝑡) = 𝜔(𝜎, 𝜏, 𝑡), for all 𝜏, 𝜎 in𝐶and 𝑡 > 0, 

11. 𝜔(𝜏, 𝜎, 𝑡) ⋄ 𝜔(𝜎, ℴ, 𝑠) ≥ 𝜔(𝜏, ℴ, 𝑡 + 𝑠), 

12. 𝜔(𝜏, 𝜎,⋅): [0, ∞] → [0,1] is right continuous, 

13. lim
𝑡→∞

𝜔(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0. 

Then (𝜒, 𝜔) is said to be an intuitionistic fuzzy metric on 𝐶.  

Example 2.1: [32] Suppose that (𝐶, 𝑑) is an IFMS and CTCN, CTN are 𝑎 ⋄ 𝑏 = min{1, 𝑎 + 𝑏}, 𝑎 ∗ 𝑏 =

𝑎 ⋅ 𝑏, respectively for all 𝑎, 𝑏 ∈ [0,1]. Let 𝜒 and 𝜔 are FSs on 𝐶2 × (0, ∞) such that 

𝜒(𝜏, 𝜎, 𝑡) =
𝑡

𝑡 + 𝑑(𝜏, 𝜎)
 , 
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𝜔(𝜏, 𝜎, 𝑡) =
𝑑(𝜏, 𝜎)

𝑡 + 𝑑(𝜏, 𝜎)
 , 

for all τ, σ ∈ X and all 𝑡 > 0. Property EA in IFMS on 𝐶. 

Lemma 2.1: [15] Suppose that (𝐶, 𝜒, 𝜔,∗,⋄) IFMS, where, 𝑘 ∈ (0,1) that is, 𝜏, 𝜎 ∈ 𝐶 

𝜒(𝜏, 𝜎, 𝑘𝑡) ≥ 𝜒(𝜏, 𝜎, 𝑡), 

𝜔(𝜏, 𝜎, 𝑘𝑡) ≤ 𝜔(𝜏, 𝜎, 𝑡) , 

 for all 𝑡 > 0, then 𝜏 = 𝜎. 

Definition 2.4: [34] Two pairs (𝛥, 𝑆) and (𝐵, 𝛶) of self-mappings of an IFMS (𝐶, 𝜒, 𝜔,∗,⋄) is called the 

common EA property, if the two sequence {𝜏𝑛} and {𝜎𝑛} in 𝐶 such that lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝐵𝜎𝑛 =

lim
𝑛→∞

𝛶𝜎𝑛 = ℴ for some ℴ ∈ 𝐶. 

Definition 2.5: [34] A pair (𝑓, 𝑔)  of self-mappings of an IFMS (𝐶, 𝜒, 𝜔,∗,⋄) is called the mappings that 

are just marginally compatible if every point they commute of coincidence, i.e., 𝑓𝜏 = 𝑔𝜏 for some 𝜏 ∈ 𝐶 

implies 𝑓𝑔𝜏 = 𝑔𝑓𝜏. 

Definition 2.6: [35] A 6-tuple (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) is called to be NMSs if 𝐶 is an arbitrary non empty set, ∗ 

is a CTN, ⋄ CTCN, 𝜒, 𝜔, 𝛩 are NSs on 𝐶2 × [0, ∞] satisfied the following conditions, for each 𝜏, 𝜎, ℴ, ∈ 𝐶 

and 𝑡, 𝑠 > 0. 

1. 𝜒(𝜏, 𝜎, 𝑡) + 𝜔(𝜏, 𝜎, 𝑡) + 𝛩(𝜏, 𝜎, 𝑡) ≤ 3, 

2. 𝜒(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶, 

3. 𝜒(𝜏, 𝜎, 𝑡) = 1 for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0 if and only if 𝜏 = 𝜎, 

4. 𝜒(𝜏, 𝜎, 𝑡) = 𝜒(𝜎, 𝜏, 𝑡), for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0, 

5. 𝜒(𝜏, 𝜎, 𝑡) ∗ 𝜒(𝜎, ℴ, 𝑠) ≤ 𝜒(𝜏, ℴ, 𝑡 + 𝑠), 

6. 𝜒(𝜏, 𝜎,⋅): [0, ∞] → [0,1] is left continuous, 

7. lim
t→∞

𝜒(𝜏, 𝜎, 𝑡) = 1, 

8. 𝜔(𝜏, 𝜎, 0) = 1, for all 𝜏, 𝜎 in 𝐶, 

9. 𝜔(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0 if and only if 𝜏 = 𝜎, 

10. 𝜔(𝜏, 𝜎, 𝑡) = 𝜔(𝜎, 𝜏, 𝑡), for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0, 

11. 𝜔(𝜏, 𝜎, 𝑡) ⋄ 𝜔(𝜎, ℴ, 𝑠) ≥ 𝜔(𝜏, ℴ, 𝑡 + 𝑠), 

12. 𝜔(𝜏, 𝜎,⋅): [0, ∞] → [0,1] is right continuous, 

13. lim
𝑡→∞

𝜔(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0, 

14. 𝛩(𝜏, 𝜎, 0) = 1, for all 𝜏, 𝜎 in 𝐶, 

15. 𝛩(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0 if and only if 𝜏 = 𝜎, 

16. 𝛩(𝜏, 𝜎, 𝑡) = 𝜔(𝜎, 𝜏, 𝑡), for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0, 

17. 𝛩(𝜏, 𝜎, 𝑡) ⋄ 𝜔(𝜎, ℴ, 𝑠) ≥ 𝜔(𝜏, ℴ, 𝑡 + 𝑠), 

18. 𝛩(𝜏, 𝜎,⋅): [0, ∞] → [0,1] is right continuous, 

19. lim
𝑡→∞

𝜔(𝜏, 𝜎, 𝑡) = 0, for all 𝜏, 𝜎 in 𝐶 and 𝑡 > 0. 

Then (𝜒, 𝜔, 𝛩) is said to be a neutrosophic metric on 𝐶.  
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3 | IMPLICIT RELATION 

Popa [37] introduced a class of implicit functions to prove new common FP theorems. Suppose that 

ℝ+
5  and ℝ represent continuous functions of real valued, 𝜙, 𝜓: ℝ+

5 → ℝ mappings which are non-

decreasing and satisfied the following conditions: 

1. ∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜉,1,𝜉,1,𝜉)

0
≥ 0 implies 𝜉 ≥ 1,          (1) 

2. ∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜉,1,1,𝜉,𝜉)

0
≥ 0 implies 𝜉 ≥ 1,           (2) 

3. ∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜉,𝜉,1,1,𝜉)

0
≥ 0 implies 𝜉 ≥ 1,           (3) 

4. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜍,0,𝜍,0,𝜍)

0
≤ 0 implies 𝜍 ≤ 0,            (4) 

5. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜍,0,0,𝜍,𝜍)

0
≤ 0 implies 𝜍 ≤ 0,            (5) 

6. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜍,𝜍,0,0,𝜍)

0
≤ 0 implies 𝜍 ≤ 0,           (6) 

7. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜐,0,𝜐,0,𝜐)

0
≤ 0 implies 𝜐 ≤ 0,          (7) 

8. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜐,0,0,𝜐,𝜐)

0
≤ 0 implies 𝜐 ≤ 0,          (8) 

9. ∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜐,𝜐,0,0,𝜐)

0
≤ 0 implies 𝜐 ≤ 0.         (9) 

Example 3.1: Describe 𝜙, 𝜓: ℝ+
5 → ℝ as  

𝜙(𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5) = 11𝑡1 − 12𝑡2 + 6𝑡3 − 8𝑡4 + 3𝑡5, 

𝜓(𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6) = 10𝑡1 − 9𝑡2 + 8𝑡3 − 11𝑡4 + 2𝑡5. 

Clearly 𝜙, 𝜓 satisfies all conditions (1)-(9) and 𝜙, 𝜓 ∈ ℝ+
5 . 

 

4 | MAIN RESULTS 

In this section, we discuss some FP results in the senses of NMS. We give four self-mapping and 

existence and uniqueness of the fixed point. 

Definition 4.1: Two pairs (𝛥, 𝑆) and (𝐵, 𝛶) of self-mappings in an NMS (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) is called the 

common EA property, if the two sequence {𝜏𝑛} and {𝜎𝑛} in 𝐶 such that lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝐵𝜎𝑛 =

lim
𝑛→∞

𝛶𝜎𝑛 = ℴ for some ℴ ∈ 𝐶. 

Definition 4.2: [34] A pair (𝑓, 𝑔) of self-mappings in NMS (∁, 𝜒, 𝜔, 𝛩,∗,⋄) is called the mappings that 

are just marginally compatible if every point they commute of coincidence, i.e., 𝑓𝜏 = 𝑔𝜏 for some 𝜏 ∈ 𝐶 

implies 𝑓𝑔𝜏 = 𝑔𝑓𝜏. 

Lemma 4.1: Suppose that (∁, 𝜒, 𝜔, 𝛩,∗,⋄) NMS, where, 𝑘 ∈ (0,1) that is, 𝜏, 𝜎 ∈ 𝐶, 

𝜒(𝜏, 𝜎, 𝑘𝑡) ≥ 𝜒(𝜏, 𝜎, 𝑡), 

𝜔(𝜏, 𝜎, 𝑘𝑡) ≤ 𝜔(𝜏, 𝜎, 𝑡) , 

Θ(𝜏, 𝜎, 𝑘𝑡) ≤ 𝛩(𝜏, 𝜎, 𝑡), 

 for all 𝑡 > 0, then 𝜏 = 𝜎. 

Theorem 4.1: Suppose that 𝛥, 𝑆, 𝐵, and 𝛶 be self-mappings of NMS (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) fulfill the following 

conditions: 
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The pair (𝛥, 𝑆) or (𝐵, 𝛶) satisfied the EA property. 

For any 𝜏, 𝜎 ∈ 𝐶, 𝜙, 𝜓: ℝ+
5 → ℝ are mappings and for all 𝑡 > 0, there exists 𝑘 ∈ (0,1) such that: 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝜒(𝑆𝜏,𝛶𝜎,𝑡),𝜒(𝑆𝜏,𝛥𝜏,𝑡),𝜒(𝛶𝜎,𝐵𝜎,𝑡),𝜒(𝛥𝜏,𝛶𝜎,𝑡)∗𝜒(𝑆𝜏,𝐵𝜎,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝜔(𝑆𝜏,𝛶𝜎,𝑡),𝜔(𝑆𝜏,𝛥𝜏,𝑡),𝜔(𝛶𝜎,𝐵𝜎,𝑡),𝜔(𝛥𝜏,𝛶𝜎,𝑡)⋄𝜔(𝑆𝜏,𝐵𝜎,𝑡))

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝛩(𝑆𝜏,𝛶𝜎,𝑡),𝛩(𝑆𝜏,𝛥𝜏,𝑡),𝛩(𝛶𝜎,𝐵𝜎,𝑡),𝛩(𝛥𝜏,𝛶𝜎,𝑡)⋄𝛩(𝑆𝜏,𝐵𝜎,𝑡))

0

≤ 0. 

Now, 𝜌: ℝ+
5 → ℝ+

5  is a Lebesgue integral mapping that is non-negative and summable such 

that ∫ 𝜌(𝑡)𝑑𝑡
𝜀

0
> 0 for each 𝜀 > 0. 

𝛥(𝐶) ⊂ 𝛶(𝐶)(or 𝐵(𝐶) ⊂ 𝑆(𝐶)). 

Proof: Suppose that a pair (𝛥, 𝑆) of mappings satisfied the EA property, then there exists a sequence 

{𝜏𝑛} in 𝐶 such that lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = ℴ for some ℴ ∈ ∁. Since 𝛥(𝐶) ⊂ 𝛶(𝐶), therefore, for each 𝜏𝑛, there 

exist 𝜎𝑛 in 𝐶 such that 𝛥𝜏𝑛 = 𝛶𝜎𝑛. Given that, lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝛶𝜎𝑛 = ℴ. Currently, we assert 

that lim
𝑛→∞

𝐵𝜎𝑛 = ℴ. Applying inequality (i), we obtain, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜏𝑛,𝐵𝜎𝑛,𝛼𝑡),𝜒(𝑆𝜏𝑛,𝛶𝜎𝑛,𝑡),𝜒(𝑆𝜏𝑛,𝛥𝜏𝑛,𝑡),𝜒(𝛶𝜎𝑛,𝐵𝜎𝑛,𝑡),𝜒(𝛥𝜏𝑛,𝛶𝜎𝑛,𝑡)∗𝜒(𝑆𝜏𝑛,𝐵𝜎𝑛,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜏𝑛,𝐵𝜎𝑛,𝛼𝑡),𝜔(𝑆𝜏𝑛,𝛶𝜎𝑛,𝑡),𝜔(𝑆𝜏𝑛,𝛥𝜏𝑛,𝑡),𝜔(𝛶𝜎𝑛,𝐵𝜎𝑛,𝑡),𝜔(𝛥𝜏𝑛,𝛶𝜎𝑛,𝑡)⋄𝜔(𝑆𝜏𝑛,𝐵𝜎𝑛,𝑡))

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜏𝑛,𝐵𝜎𝑛,𝛼𝑡),𝛩(𝑆𝜏𝑛,𝛶𝜎𝑛,𝑡),𝛩(𝑆𝜏𝑛,𝛥𝜏𝑛,𝑡),𝛩(𝛶𝜎𝑛,𝐵𝜎𝑛,𝑡),𝛩(𝛥𝜏𝑛,𝛶𝜎𝑛,𝑡)⋄𝛩(𝑆𝜏𝑛,𝐵𝜎𝑛,𝑡))

0

≤ 0. 

Where, limit as 𝑛 → ∞ 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝛼𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝜒(ℴ,ℴ,𝑡)∗𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)
𝜓(𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝛼𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝜔(ℴ,ℴ,𝑡)⋄𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)
𝜓(𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝛼𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝛩(ℴ,ℴ,𝑡)⋄𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≤ 0. 

Given that 𝜙 and 𝜓 are non-decreasing, we have 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),1,1,𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝜒(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≥ 0, 
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∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),0,0,𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝜔(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),0,0,𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡),𝛩(ℴ, lim

𝑛→∞
𝐵𝜎𝑛,𝑡))

0

≤ 0. 

Using (2), (5) and (8), we get, 

𝜒 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) ≥ 1, 

𝜔 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) ≤ 0, 

𝛩 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) ≤ 0. 

Hence  

𝜒 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) = 1, 

𝜔 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) = 0, 

𝛩 (ℴ, lim
𝑛→∞

𝐵𝜎𝑛 , 𝑡) = 0. 

 

Therefore lim
𝑛→∞

𝐵𝜎𝑛 = ℴ. Then the pair of mappings (Δ, 𝑆) and (𝐵, Υ) share common EA property.  

Example 4.1: Suppose that (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) be an NMS 𝐶 = [0, ∞) with CTN 𝑎 ∗ 𝑏 = min{𝑎, 𝑏} and 

CTCN 𝑎 ⋄  𝑏 =  max {𝑎, 𝑏}. 𝜒, 𝜔, and 𝛩 are NSs on ∁2 × (0, ∞) defined by,  

𝜒(𝜏, 𝜎, 𝑡) =  
𝑡

𝑡 + 𝑑(𝜏, 𝜎)
, 

𝜔(𝜏, 𝜎, 𝑡)  =  
𝑑(𝜏, 𝜎)

𝑡 + 𝑑(𝜏, 𝜎)
, 

𝛩(𝜏, 𝜎, 𝑡) =  
𝑑(𝜏, 𝜎)

𝑡
. 

where 𝑑(𝜏, 𝜎) =  |𝜏 − 𝜎|, ∀𝜏, 𝜎 ∈  𝐶, 𝑡 >  0,  and 𝜌(𝑡) = 𝑒−𝑡. The behavior of 𝜒(𝜏, 𝜎, 𝑡), 𝜔(𝜏, 𝜎, 𝑡),  and 

𝛩(𝜏, 𝜎, 𝑡) are shown in Figure 1. 
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Figure 1. Shows the graphical behavior of  𝜒(𝜏, 𝜎, 𝑡), 𝜔(𝜏, 𝜎, 𝑡), and 𝛩(𝜏, 𝜎, 𝑡). 

 

Define 𝛥, 𝐵, 𝑆, 𝛶: 𝐶 → 𝐶  by, 

𝛥(𝜏) =
𝜏

2
, 𝐵(𝜏) =  

𝜏

3
, 𝑆(𝜏) =

𝜏

6
 , 𝛶(𝜏) =

𝜏

4
,  

Suppose that sequence{𝜏𝑛} and {𝜎𝑛}, define by, 

𝜏𝑛  =  
1

2𝑛
,   𝑛 ≥ 1. 

Clearly, (𝛥, 𝐵), and (𝑆, 𝛶) are satisfied the EA property. Then, we have lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝐵𝜏𝑛 =

lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝛶𝜏𝑛 = 0.  All the conditions of Theorem 4.1 are satisfied 𝛥, 𝐵, 𝑆, and 𝛶, have a unique fixed 

point which is 0.  

Theorem 4.2: Suppose that 𝛥, 𝐵, 𝑆 and 𝛶 are four self-mappings in NMSs (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) and satisfied 

the following conditions: 

For any 𝜏, 𝜎 ∈ 𝐶, 𝜙, 𝜓 ∈ 𝜒5 and for all 𝑡 > 0, there exists 𝑘 ∈ (0,1) such that 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝜒(𝑆𝜏,𝛶𝜎,𝑡),𝜒(𝑆𝜏,𝛥𝜏,𝑡),𝜒(𝛶𝜎,𝐵𝜎,𝑡),𝜒(𝛥𝜏,𝛶𝜎,𝑡)∗𝜒(𝑆𝜏,𝐵𝜎,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝜔(𝑆𝜏,𝛶𝜎,𝑡),𝜔(𝑆𝜏,𝛥𝜏,𝑡),𝜔(𝛶𝜎,𝐵𝜎,𝑡),𝜔(𝛥𝜏,𝛶𝜎,𝑡)⋄𝜔(𝑆𝜏,𝐵𝜎,𝑡))

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜏,𝐵𝜎,𝛼𝑡),𝛩(𝑆𝜏,𝛶𝜎,𝑡),𝛩(𝑆𝜏,𝛥𝜏,𝑡),𝛩(𝛶𝜎,𝐵𝜎,𝑡),𝛩(𝛥𝜏,𝛶𝜎,𝑡)⋄𝛩(𝑆𝜏,𝐵𝜎,𝑡))

0

≤ 0. 

Where 𝜌: ℝ+
5 → ℝ+

5  is a Lebesgue integrable mapping which is non-negative and summable, such that 

∫ 𝜌(𝑡)𝑑𝑡
𝜀

0

> 0 for each 𝜀 > 0, 

The pairs (𝛥, 𝑆) and (𝐵, 𝛶) share the EA property. 

𝑆(𝐶) and 𝛶(𝐶) are closed subsets 𝐶. 
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Moreover, 𝛥, 𝐵, 𝑆 and 𝛶 have a unique common FP. So, the pairs (𝛥, 𝑆) and (𝐵, 𝛶) are weakly 

compatible. 

Proof: Since the pair (𝛥, 𝑆) and (𝐵, 𝛶) share the EA property, two sequences {𝜏𝑛} and {𝜎𝑛} are exists 

in 𝐶. Such that lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝛶𝜎𝑛 = ℴ for some ℴ ∈ 𝐶. Then,  𝑆(𝐶) is closed subset of 𝐶, there 

exists a point 𝜉 ∈ 𝐶 such that ℴ = 𝑆𝜉. We say that 𝛥𝜉 = ℴ by (i), we have, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜉,𝐵𝜎𝑛,𝛼𝑡),𝜒(𝑆𝜉,𝛶𝜎𝑛,𝑡),𝜒(𝑆𝜉,𝛥𝜉,𝑡)𝜒(𝛶𝜎𝑛,𝐵𝜎𝑛,𝑡),𝜒(𝛥𝜉,𝛶𝜎𝑛,𝑡)∗𝜒(𝑆𝜉,𝐵𝜎𝑛,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜉,𝐵𝜎𝑛,𝛼𝑡),𝜔(𝑆𝜉,𝛶𝜎𝑛,𝑡),𝜔(𝑆𝜉,𝛥𝜉,𝑡),𝜔(𝛶𝜎𝑛𝐵𝜎𝑛,𝑡),𝜔(𝛥𝜉,𝛶𝜎𝑛,𝑡)⋄𝜔(𝑆𝜉,𝐵𝜎𝑛,𝑡))

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜉,𝐵𝜎𝑛,𝛼𝑡),𝛩(𝑆𝜉,𝛶𝜎𝑛,𝑡),𝛩(𝑆𝜉,𝛥𝜉,𝑡),𝛩(𝛶𝜎𝑛𝐵𝜎𝑛,𝑡),𝛩(𝛥𝜉,𝛶𝜎𝑛,𝑡)⋄𝛩(𝑆𝜉,𝐵𝜎𝑛,𝑡))

0

≤ 0. 

Applying, limit as 𝑛 → ∞, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜉,ℴ,𝛼𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(ℴ,𝛥𝜉,𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(𝛥𝜉,ℴ,𝑡)∗𝜒(ℴ,ℴ,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜉,ℴ,𝛼𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(ℴ,𝛥𝜉,𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(𝛥𝜉,ℴ,𝑡)⋄𝜔(ℴ,ℴ,𝑡)) 

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜉,ℴ,𝛼𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(ℴ,𝛥𝜉,𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(𝛥𝜉,ℴ,𝑡)⋄𝛩(ℴ,ℴ,𝑡)) 

0

≤ 0. 

Given that both 𝜙 and 𝜓 are non-decreasing from (i), we obtain 

 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜉,ℴ,𝑡),1,𝜒(ℴ,𝛥𝜉,𝑡),1,𝜒(𝛥𝜉,ℴ,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜉,ℴ,𝑡),0,𝜔(ℴ,𝛥𝜉,𝑡),0,𝜔(𝛥𝜉,ℴ,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜉,ℴ,𝑡),0,𝛩(ℴ,𝛥𝜉,𝑡),0,𝛩(𝛥𝜉,ℴ,𝑡))

0

≤ 0. 

Using implicit relations (1), (4) and (7), we have, 

𝜒(𝛥𝜉, ℴ, 𝑡) ≥ 1, 

𝜔(𝛥𝜉, ℴ, 𝑡) ≤ 0, 

𝛩(𝛥𝜉, ℴ, 𝑡) ≤ 0. 

Hence, 𝜒(𝛥𝜉, ℴ, 𝑡) = 1, 𝜔(𝛥𝜉, ℴ, 𝑡) = 0 and 𝛩(𝛥𝜉, ℴ, 𝑡) = 0. Therefore, 𝛥𝜉 = ℴ = 𝑆𝜉, which shows that 

𝜉 is a coincidence point of  (𝛥, 𝑆). Since 𝛶(𝐶) is also a closed subset of 𝐶, therefore, lim
𝑛→∞

𝛶𝜎𝑛 = ℴ in 𝛶(𝐶) 

and 𝜍 ∈ 𝐶 such that 𝛶𝜍 = ℴ = 𝛥𝜉 = 𝑆𝜉 now, 𝐵𝜍 = ℴ. by using implicit relation (1), we have, 
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∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜉,𝐵𝜍,𝛼𝑡),𝜒(𝑆𝜉,𝛶𝜍,𝑡),𝜒(𝑆𝜉,𝛥𝜉,𝑡),𝜒(𝛶𝜍,𝐵𝜍,𝑡),𝜒(𝛥𝜉,𝛶𝜍,𝑡)∗𝜒(𝑆𝜉,𝐵𝜍,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜉,𝐵𝜍,𝛼𝑡),𝜔(𝑆𝜉,𝛶𝜍,𝑡),𝜔(𝑆𝜉,𝛥𝜉,𝑡),𝜔(𝛶𝜍,𝐵𝜍,𝑡),𝜔(𝛥𝜉,𝛶𝜍,𝑡)⋄𝜔(𝑆𝜉,𝐵𝜍,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜉,𝐵𝜍,𝛼𝑡),𝛩(𝑆𝜉,𝛶𝜍,𝑡),𝛩(𝑆𝜉,𝛥𝜉,𝑡),𝛩(𝛶𝜍,𝐵𝜍,𝑡),𝛩(𝛥𝜉,𝛶𝜍,𝑡)⋄𝛩(𝑆𝜉,𝐵𝜍,𝑡))

0

≤ 0. 

It follows, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ,𝐵𝜍,𝛼𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(ℴ,𝐵𝜍,𝑡),𝜒(ℴ,ℴ,𝑡)∗𝜒(ℴ,𝐵𝜍,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(ℴ,𝐵𝜍,𝛼𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(ℴ,𝐵𝜍,𝑡),𝜔(ℴ,ℴ,𝑡)⋄𝜔(ℴ,𝐵𝜍,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(ℴ,𝐵𝜍,𝛼𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(ℴ,𝐵𝜍,𝑡),𝛩(ℴ,ℴ,𝑡)⋄𝛩(ℴ,𝐵𝜍,𝑡))

0

≤ 0. 

The functions 𝜙, 𝜓 are non-decreasing and by (i), we have 

 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ,𝐵𝜍,𝑡),1,1,𝜒(ℴ,𝐵𝜍,𝑡),𝜒(ℴ,𝐵𝜍,𝑡))

0

≥ 0, 

and 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(ℴ,𝐵𝜍,𝑡),0,0,𝜔(ℴ,𝐵𝜍,𝑡),𝜔(ℴ,𝐵𝜍,𝑡))

0

≤ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(ℴ,𝐵𝜍,𝑡),0,0,𝛩(ℴ,𝐵𝜍,𝑡),𝛩(ℴ,𝐵𝜍,𝑡))

0

≤ 0. 

Using implicit relation (2) and (7), we get,  

 𝜒(ℴ, 𝐵𝜍, 𝑡) ≥ 1, 

 𝜔(ℴ, 𝐵𝜍, 𝑡) ≤ 0, 

𝛩(ℴ, 𝐵𝜍, 𝑡) ≤ 0. 

Hence 𝜒(ℴ, 𝐵𝜍, 𝑡) = 1, 𝜔(ℴ, 𝐵𝜍, 𝑡) = 0 and 𝛩(ℴ, 𝐵𝜍, 𝑡) = 0. so, 𝐵𝜍 = ℴ = 𝛶𝜍, which shows that 𝜍 is the 

point (𝐵, 𝛶) coincidence. Then, the pairs (𝛥, 𝑆) and (𝐵, 𝛶) are weakly compatible and 𝛥𝜉 = 𝑆𝜉, 𝐵𝜍 = 𝛶𝜍. 

Therefore, 𝛥ℴ = 𝛥𝑆𝜉 = 𝑆𝛥𝜉 = 𝑆ℴ, 𝐵ℴ = 𝐵𝛶𝜍 = 𝛶𝐵𝜍 = 𝛶ℴ. Next, we say that 𝛥ℴ = ℴ for showing the 

existence of a FP of 𝛥. With implicit relation (1), we obtain 
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∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥ℴ,𝐵𝜍,𝛼𝑡),𝜒(𝑆ℴ,𝛶𝜍,𝑡),𝜒(𝑆ℴ,𝛥ℴ,𝑡),𝜒(𝛶𝜍,𝐵𝜍,𝑡),𝜒(𝛥ℴ,𝛶𝜍,𝑡)∗𝜒(𝑆ℴ,𝐵𝜍,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥ℴ,𝐵𝜍,𝛼𝑡),𝜔(𝑆ℴ,𝛶𝜍,𝑡),𝜔(𝑆ℴ,𝛥ℴ,𝑡),𝜔(𝛶𝜍,𝐵𝜍,𝑡),𝜔(𝛥ℴ,𝛶𝜍,𝑡)⋄𝜔(𝑆ℴ,𝐵𝜍,𝑡))

0

≤ 0, 

and 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥ℴ,𝐵𝜍,𝛼𝑡),𝛩(𝑆ℴ,𝛶𝜍,𝑡),𝛩(𝑆ℴ,𝛥ℴ,𝑡),𝛩(𝛶𝜍,𝐵𝜍,𝑡),𝛩(𝛥ℴ,𝛶𝜍,𝑡)⋄𝛩(𝑆ℴ,𝐵𝜍,𝑡))

0

≤ 0. 

It follows that, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥ℴ,ℴ,𝛼𝑡),𝜒(𝛥ℴ,ℴ,𝑡),𝜒(𝛥ℴ,𝛥ℴ,𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(𝛥ℴ,ℴ,𝑡)∗𝜒(𝛥ℴ,ℴ,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥ℴ,ℴ,𝛼𝑡),𝜔(𝛥ℴ,ℴ,𝑡),𝜔(𝛥ℴ,𝛥ℴ,𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(𝛥ℴ,ℴ,𝑡)⋄𝜔(𝛥ℴ,ℴ,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥ℴ,ℴ,𝛼𝑡),𝛩(𝛥ℴ,ℴ,𝑡),𝛩(𝛥ℴ,𝛥ℴ,𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(𝛥ℴ,ℴ,𝑡)⋄𝛩(𝛥ℴ,ℴ,𝑡))

0

≤ 0. 

The functions 𝜙 and 𝜓 are non-decreasing, then we have 

 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥ℴ,ℴ,𝑡),𝜒(𝛥ℴ,ℴ,𝑡),1,1,𝜒(𝛥ℴ,ℴ,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥ℴ,ℴ,𝑡),𝜔(𝛥ℴ,ℴ,𝑡),0,0,𝜔(𝛥ℴ,ℴ,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥ℴ,ℴ,𝑡),𝜔(𝛥ℴ,ℴ,𝑡),0,0,𝜔(𝛥ℴ,ℴ,𝑡))

0

≤ 0. 

By using implicit relations (3), (6) and (9), we obtain,  

𝜒(𝛥ℴ, ℴ, 𝑡) ≥ 1, 𝜔(𝛥ℴ, ℴ, 𝑡) ≤ 0, 𝛩(𝛥ℴ, ℴ, 𝑡) ≤ 0. 

Hence,  

𝜒(𝛥ℴ, ℴ, 𝑡) = 1, 𝜔(𝛥ℴ, ℴ, 𝑡) = 0, 𝛩(𝛥ℴ, ℴ, 𝑡) = 0. 

So, 𝛥ℴ = ℴ = 𝑆ℴ. Similarly, we have to prove that 𝐵ℴ = 𝛶ℴ = ℴ. Hence, 𝛥ℴ = 𝐵ℴ = 𝑆ℴ = 𝛶ℴ = ℴ, 

which implies that ℴ is a common FP of 𝛥, 𝐵, 𝑆 and 𝛶. 

Uniqueness: Let 𝜐 be other common FP of 𝛥, 𝐵, 𝑆 and 𝛶 by (i) 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥ℴ,𝐵𝜐,𝛼𝑡),𝜒(𝑆ℴ,𝛶𝜐,𝑡),𝜒(𝑆ℴ,𝛥ℴ,𝑡),𝜒(𝛶𝜐,𝐵𝜐,𝑡),𝜒(𝛥ℴ,𝛶𝜐,𝑡)∗𝜒(𝑆ℴ,𝐵𝜐,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥ℴ,𝐵𝜐,𝛼𝑡),𝜔(𝑆ℴ,𝛶𝜐,𝑡),𝜔(𝑆ℴ,𝛥ℴ,𝑡),𝜔(𝛶𝜐,𝐵𝜐,𝑡),𝜔(𝛥ℴ,𝛶𝜐,𝑡)⋄𝜔(𝑆ℴ,𝐵𝜐,𝑡))

0

≤ 0, 
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and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥ℴ,𝐵𝜐,𝛼𝑡),𝛩(𝑆ℴ,𝛶𝜐,𝑡),𝛩(𝑆ℴ,𝛥ℴ,𝑡),𝛩(𝛶𝜐,𝐵𝜐,𝑡),𝛩(𝛥ℴ,𝛶𝜐,𝑡)⋄𝛩(𝑆ℴ,𝐵𝜐,𝑡))

0

≤ 0. 

It follows that, 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ,𝜐,𝛼𝑡),𝜒(ℴ,𝜐,𝑡),𝜒(ℴ,ℴ,𝑡),𝜒(𝜐,𝜐,𝑡),𝜒(ℴ,𝜐,𝑡)∗𝜒(ℴ,𝜐,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(ℴ,𝜐,𝛼𝑡),𝜔(ℴ,𝜐,𝑡),𝜔(ℴ,ℴ,𝑡),𝜔(𝜐,𝜐,𝑡),𝜔(ℴ,𝜐,𝑡)⋄𝜔(ℴ,𝜐,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(ℴ,𝜐,𝛼𝑡),𝛩(ℴ,𝜐,𝑡),𝛩(ℴ,ℴ,𝑡),𝛩(𝜐,𝜐,𝑡),𝛩(ℴ,𝜐,𝑡)⋄𝜔(ℴ,𝜐,𝑡))

0

≤ 0. 

the functions 𝜙 and 𝜓 are non-decreasing, so we have 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(ℴ,𝜐,𝑡),𝜒(ℴ,𝜐,𝑡),1,1,𝜒(ℴ,𝜐,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(ℴ,𝜐,𝛼𝑡),𝜔(ℴ,𝜐,𝑡),0,0,𝜔(ℴ,𝜐,𝑡))

0

≤ 0, 

and  

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(ℴ,𝜐,𝛼𝑡),𝛩(ℴ,𝜐,𝑡),0,0,𝛩(ℴ,𝜐,𝑡))

0

≤ 0. 

Using implicit relation (3) (6), and (9), we have,  

𝜒(ℴ, 𝜐, 𝑡) ≥ 1, 𝜔(ℴ, 𝜐, 𝑡) ≤ 0, 𝛩(ℴ, 𝜐, 𝑡) ≤ 0. 

Hence,  

𝜒(ℴ, 𝜐, 𝑡) = 1, 𝜔(ℴ, 𝜐, 𝑡) = 0, 𝛩(ℴ, 𝜐, 𝑡) = 0. 

So, ℴ = 𝜐, i.e., mappings 𝛥, 𝐵, 𝑆 and 𝛶 have a unique common FP. 

Example 4.2: Suppose that (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) be an NMS 𝐶 = [0, ∞) with CTN 𝑎 ∗ 𝑏 = min{𝑎, 𝑏} and 

CTCN 𝑎 ⋄ 𝑏 =  max {𝑎, 𝑏}. 𝜒, 𝜔, and 𝛩 are NSs on 𝐶2 × (0, ∞) defined by,  

𝜒(𝜏, 𝜎, 𝑡) =  
𝑡

𝑡 + 𝑑(𝜏, 𝜎)
, 

𝜔(𝜏, 𝜎, 𝑡)  =  
𝑑(𝜏, 𝜎)

𝑡 + 𝑑(𝜏, 𝜎)
, 

𝛩(𝜏, 𝜎, 𝑡) =  
𝑑(𝜏, 𝜎)

𝑡
. 

Where 𝑑(𝜏, 𝜎) =  |𝜏 − 𝜎|, ∀𝜏, 𝜎 ∈  𝐶, 𝑡 >  0,  and 𝜌(𝑡) = 𝑒−𝑡.Define 𝛥, 𝐵, 𝑆, 𝛶 ∶  𝐶 → 𝐶 by, 

𝛥(𝜏) =  {
1        if             𝜏 = 1,
3         if    1 < 𝜏 < 7.

  

𝐵(𝜏)  =  {
1       𝑖f            𝜏 = 1,
4       if    1 < 𝜏 < 7.
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𝑆(𝜏) =  {
1          if           𝜏 = 1,

4           if    1 < 𝜏 ≤ 5,
𝜏 − 5,   if    5 < 𝜏 ≤ 7.

 

𝛶(𝜏)  =  {
1          if           𝜏 = 1,

𝜏 − 1    if    1 < 𝜏 ≤ 5,
3            if    5 < 𝜏 ≤ 7.

  

Suppose that sequence{𝜏𝑛} and {𝜎𝑛}, define by, 

𝜏𝑛 =  
1

2𝑛
,   𝑛 ≥ 1. 

Clearly, (𝛥, 𝐵), and (𝑆, 𝛶) are satisfied the EA property. Then, we have Then, we have 

 lim
𝑛→∞

𝛥𝜏𝑛 = lim
𝑛→∞

𝐵𝜏𝑛 = lim
𝑛→∞

𝑆𝜏𝑛 = lim
𝑛→∞

𝛶𝜏𝑛 = 0. 

 All the conditions of Theorem 4.1 are satisfied 𝛥, 𝐵, 𝑆, and 𝛶, have a unique FP which is 1.  

Corollary 4.1: Suppose that 𝛥 and 𝑆 be self-mappings of NMSs (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) fulfill the following 

condition: 

The pair (𝛥, 𝑆) share the EA property. 

For any 𝜏, 𝜎 ∈ 𝐶, 𝜙, 𝜓 ∈ ℝ+
5   and for all 𝑡 > 0, there exists 𝑘 ∈ (0,1) such that 

∫ 𝜌(𝑡)𝑑𝑡
𝜙(𝜒(𝛥𝜏,𝛥𝜎,𝛼𝑡),𝜒(𝑆𝜏,𝑆𝜎,𝑡),𝜒(𝑆𝜏,𝛥𝜏,𝑡),𝜒(𝑆𝜎,𝛥𝜎,𝑡),𝜒(𝛥𝜏,𝑆𝜎,𝑡)∗𝜒(𝑆𝜏,𝛥𝜎,𝑡))

0

≥ 0, 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝜔(𝛥𝜏,𝛥𝜎,𝛼𝑡),𝜔(𝑆𝜏,𝑆𝜎,𝑡),𝜔(𝑆𝜏,𝑆𝜏,𝑡),𝜔(𝑆𝜎,𝛥𝜎,𝑡),𝜔(𝛥𝜏,𝑆𝜎,𝑡)⋄𝜔(𝑆𝜏,𝛥𝜎,𝑡))

0

≤ 0, 

and 

∫ 𝜌(𝑡)𝑑𝑡
𝜓(𝛩(𝛥𝜏,𝛥𝜎,𝛼𝑡),𝛩(𝑆𝜏,𝑆𝜎,𝑡),𝛩(𝑆𝜏,𝑆𝜏,𝑡),𝛩(𝑆𝜎,𝛥𝜎,𝑡),𝛩(𝛥𝜏,𝑆𝜎,𝑡)⋄𝛩(𝑆𝜏,𝛥𝜎,𝑡))

0

≤ 0. 

Where 𝜌: ℝ+
5 → ℝ+

5  is a Lebesgue integrable mapping which is non-negative and summable, such 

that∫ 𝜌(𝑡)𝑑𝑡
𝜀

0
> 0 for each 𝜀 > 0. 𝑆(𝐶) is a closed subset of 𝐶. 

Corollary 4.2: Suppose that 𝛥, 𝐵, 𝑆 and 𝛶 be self-mappings of an NMS (𝐶, 𝜒, 𝜔, 𝛩,∗,⋄) fulfill the 

following conditions:  

For any 𝜏, 𝜎 ∈ 𝐶, 𝜙, 𝜓 ∈ 𝜒5 and for all 𝑡 > 0, there exists 𝑘 ∈ (0,1) such that 

𝜙(𝜒(𝛥𝜏, 𝐵𝜎, 𝛼𝑡), 𝜒(𝑆𝜏, 𝛶𝜎, 𝑡), 𝜒(𝑆𝜏, 𝛥𝜏, 𝑡), 𝜒(𝛶𝜎, 𝐵𝜎, 𝑡), 𝜒(𝛥𝜏, 𝛶𝜎, 𝑡) ∗ 𝜒(𝑆𝜏, 𝐵𝜎, 𝑡)) ≥ 0, 

𝜓(𝜔(𝛥𝜏, 𝐵𝜎, 𝛼𝑡), 𝜔(𝑆𝜏, 𝛶𝜎, 𝑡), 𝜔(𝑆𝜏, 𝛥𝜏, 𝑡), 𝜔(𝛶𝜎, 𝐵𝜎, 𝑡), 𝜔(𝛥𝜏, 𝛶𝜎, 𝑡) ⋄ 𝜔(𝑆𝜏, 𝐵𝜎, 𝑡)) ≤ 0, 

and 

𝜓(𝛩(𝛥𝜏, 𝐵𝜎, 𝛼𝑡), 𝛩(𝑆𝜏, 𝛶𝜎, 𝑡), 𝛩(𝑆𝜏, 𝛥𝜏, 𝑡), 𝛩(𝛶𝜎, 𝐵𝜎, 𝑡), 𝛩(𝛥𝜏, 𝛶𝜎, 𝑡) ⋄ 𝛩(𝑆𝜏, 𝐵𝜎, 𝑡)) ≤ 0. 

𝑆(𝐶) and 𝛶(𝐶) are closed subsets of 𝐶. 

The pair (𝛥, 𝑆) and (𝐵, 𝛶) share the EA property. 

Then the pair of mappings (𝛥, 𝑆) and (𝐵, 𝛶) have a coincidence point. Additionally, 𝛥, 𝑆 𝐵,  and 𝛶 

have the common unique FP both provided pairs (𝛥, 𝑆) and (𝐵, 𝛶) are weakly compatible. 

Proof: The outcome of Theorem 4.2 follows if we assume that 𝜌(𝑡) = 1. 
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4 | CONCLUSION 

In this manuscript, we investigated some new type FPT in the setting of NMS. We apply the common 

EA property to examine the existences and uniqueness of fixed and common FP for weakly compatible 

mapping within NMS. This work uses the concept of implicit relation to establish a number of common 

FP results of integral type in NMS. Moreover, we have provided some nontrivial examples to 

demonstrate the viability of the proposed methods. Since our results is more general than the class of 

FMS and IFMSs. This study can be easily generalized in the structure of neutrosophic cone MS, 

neutrosophic triple partial MS, neutrosophic triple V-generalized MS, neutrosophic triple partial bipolar 

MS, and neutrosophic triple partial g-MS.  
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