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1 | INTRODUCTION

1, Ahmet Miicahit Demirci =2, Murat Luzum"="3

ABSTRACT

Soft set theory, introduced by Molodtsov in 1999, offers a versatile
framework for handling uncertainty in data analysis and decision-
making processes. Unlike traditional set theory, soft sets allow elements
to be parametrized, providing a more nuanced representation of
uncertainty. In this context, a new kind of soft set operation called
complementary extended plus soft set operation, is defined in this
paper in order to contribute to the theory. The properties of the
operation are examined in detail, along with its distributions over other
soft set operations, to establish the relationship between the

complementary extended plus operation and other operations.

Keywords: Soft set, soft set operations, Conditional complements,

Complementary extended plus operation.

(MSC2020) Codes: 03E72, 03E99

In various real-world scenarios, decision-making processes and data analysis tasks often encounter

uncertainty due to imprecision, vagueness, and ambiguity. Traditional set theory provides a powerful

framework for organizing and manipulating data, but it falls short in capturing and representing this

inherent uncertainty. In response to this limitation, soft set theory emerges as a promising approach to

handling uncertain and indeterminate information. Introduced in [1], soft set theory offers a soft and

intuitive extension of classical set theory by incorporating the notion of parametrization. Unlike crisp
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sets, where an element either fully belongs or does not belong to a set, soft sets allow elements to possess
varying degrees of membership, reflecting the degree of uncertainty associated with their inclusion. This
flexibility enables soft sets to effectively model and manage uncertain information, making them well-
suited for applications in diverse fields such as decision support systems, pattern recognition, and
information fusion.

Since its introduction, soft set theory has been widely applied across theoretical and practical
domains, leading to numerous new studies in the literature. [2] paved the way for new studies in soft set
theory by defining the equality of two soft sets, subset and superset of a soft set, complement of a soft
set, and soft binary operations such as union and intersection operations for soft sets. [3] redefined the
concepts of soft subset and intersection of two soft sets based on set theoretical concepts. Then, [4]
proposed some new soft set operations. [5] along with [6] analyzed these soft set operations in detail.
Extended difference and extended symmetric difference of soft sets were proposed in [7] and [8],
respectively, and their properties were studied in detail in relation to other soft set operations.

When analyzing the studies conducted thus far, it is seen that soft set operations generally proceed
under two main headings: restricted soft set operations and extended soft set operations. [9] defined the
soft binary piecewise difference operation for soft sets, and examined its properties. [10] later studied
the properties of this operation. The definitions of inclusive complement and exclusive complement of
sets as new concepts of set theory were proposed in [11], and these concepts were applied to group
theory. [12] introduced five new binary complement concepts similar to the binary complement
operations in [11]. Inspired by the new set operations defined in this study, [13] proposed many new
restricted and extended soft set operations and analyzed their properties. Moreover, the form of soft
binary piecewise operation, the pioneer of which is in [9], was slightly modified by taking the
complement of the image set in the first row, and thus the complementary soft binary piecewise
operations have been studied in detail by various researchers [14-21]. [22] and [23], on the other hand,
modified the form of the existing extended soft set operations in the literature, for other applications of
soft sets as regards algebraic structures, we refer to the following: [24-34].

The investigation of operations defined on sets, together with the sets themselves, constitutes a
fundamental aspect of algebraic structures, aiming to classify them within the realm of algebra. Just as
operations in classical set theory form the foundation for understanding sets, soft set operations play a
crucial role in the framework of soft set theory.

In this paper, in order to contribute to the theory of soft sets, a new form of soft set operation called
complementary extended plus operation is introduced and its properties are discussed in detail. The

distributions of complementary extended plus operation over other types of soft set operations are
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analyzed in order to obtain the relation of the operation with other soft set operations and thus to lead
future studies examining the algebraic studies of soft sets with respect to this new operation.
2 | PRELIAMINARIES

2.1. Definition [1]: Let U be the universal set, E be the parameter set, P(U) be the power set of U, and
let D € E. A pair (F, D) is called a soft set on U. Here, F is a function given by F: D — P(U).

The set of all soft sets over U is denoted by Sg(U). Let K be a fixed subset of E, then the set of all soft
sets over U with the fixed parameter set K is denoted by Sk (U).

For all undefined concepts regarding null soft set, whole soft set, absolute soft set we refer to [4],[6],
for soft subset and equal soft set, we refer to [3], for the soft complement of a soft set, we refer to [4].

Two new complements were introduced proposed in [11]. For two sets D and Y, these binary
operations are as D+Y=D'UY, D8Y=D'nY'. [12] examined some new binary operations as follows:
D*Y=D'UY', DyY=D'nY, DAY=DuUY".

Let "®" be used to represent the set operations, then all types of soft set operations are defined as
follows:

2.6. Definition [4,6,13]: Let (F, ), (G,B) € Sg(U). The restricted ® operation of (F,2K) and (G,B) is
the soft set (b, K), denoted to be (F, )K) ®%(G,B) = (H,K), where K=XK N B # @ and forallp €K, b (p) =F
()®G (). Here, if K=K nB = @, then (F, )K) ®(G,B)=0,.

2.7. Definition [2,4,7,8,13]: Let (F,X), (G, Y) € Sg(U). The extended ® operation (F,K) and (G,B) is
the soft set (B, K), denoted by (F, X) ®(G, B) = (b, K), where K= K U B and for allp € K,

F(p), PEK-B
B(p) = G(p), PEB— K
F(R)®G(p), pE XKNB

2.8. Definition [23,24]: Let (F, ), (G,B) € Sg(U). The complementary extended ® operation (F,2K)
*
and (G,B) is the soft set (B, K), denoted by (F, X) ® (G, B) = (b, K), where K= K UBand forall p €K,
€

F'(x), PEK—-B
B(p) = G'(x), pEB— XK
F(x)®G(Cx), p€ KNB

2.9. Definition [9], [10], [35], [36]: Let (F, X), (G,B) € Sg(U). The soft binary piecewise ® of (F, 2K) and
(G, B) is the soft set (b, )X), denoted by (F, )K')C;(G,B) = (B, 7K), where for all p € X,

_ F(p), PEK-—B
Be) = {F(Ia)@)G(ra). pEXKNB

2.10. Definition [14-22]: Let (F, ), (G,B) € Sg(U). The complementary soft binary piecewise ® of (F,

*
’K) and (G, B) is the soft set (b, K), denoted by (F,X) ~ (G,B) = (B, K), where for all p € X,
®
F’(Ia), I E >K| —-B

B(p) = {F(Ia)®c(1a), P € KNB
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For band, semilattice and bounded semilattice, we refer to [37] and for possible applications of
graphs and network research concerning soft sets and soft algebraic structures, we refer to [38],[39], [40],
[41].

3 | COMPLEMENTARY EXTENDED PLUS OPERATION

In this section, a new soft set operation called complementary extended plus operation of soft sets is

introduced with its example, and its full algebraic properties are analyzed.

Definition 3.1: Let (F,2K) and (G,B) be soft sets over U. The complementary extended plus

operation (+) of (F,2K) and (G, B) is the soft set (H, ), denoted by (F,XX) t (G,B) =(H,S), where S= K UB,
€

and
F (%), x€eX-B
H(x)={ G (x), KEB-K
FCx)+G(x), x€XNB

for all ;x€ S=XKUB. Here, F(x)+G(x) = F' (x)UG(x).
Example 3.2 Let E= {e;,e,,e3,e,} be the parameter set, )K= {e;, e3} and B= {e,, e3, e,} be two subsets

of E and U= {hy,h;,,h3,hyhs} be the universal set. Assume that (F, JK) = {( e; {h; hs}), (e3,{hy,h;,hs})} and
*
(G, B) ={( e,,{hy,hy,hs)), (es,{hy,hs,hy}), (e4,{h3,hs))} be two soft sets over U. Let (F, 2K) + (G, B)=(b, KUB),
&

where for all >x € YKUB,

F (%), KEXK-B
BCx)=4 G (x), KEB-K
F'CxUG(Ck),  xEXNB

Here since XuB={e,e, ese,}, K-B={e;}, B-K={e,e,s}, KnB={e;} thus, b(e;) =F'(e;)={hy,h3h,},
B(e;) =G'(ez)={hy,h3},B(es) =G'(e4)=thy,hy, hylandb(e;)=F'(e3)UG(e3)={hs,hsJuthy, hs hyl={hy hs hyl.

Hence,

(F' )K) tg(G/ B) = {(ell{hlrh3/h4})/ (e2/{h2rh3})/ (e3r{h2/h3/h4})/ (04,{h1,h2,h4})}.

Theorem 3.3: Let (F, ), (G, B), (b, 5), (G, ), (b, X), (K, ’X) and (L, B) be soft sets over U. Then,

*
1) The set SE (U) is closed under _ .

&

*
Proof: _ isabinary operation on SE(U). Indeed,
€

* {SE (UXSE (U)~ SE (U)

((F, XK), (G, B)) -~ (F,K) tg(G, B) = (b, KUB)
Similarly

ts : Sy(U)xSyc(U)= Sye(U)

*

((F, 3K), (G, 3K)) = (F, %), (G, HK)=(T, U HK)=(T, %)
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* *
2)[(F,) | G B)] , B+

*

*

(FX)  [(GB); (B

Proof: Let (F,2K) , (G, B) = (T, 2)KUB), where for all ;xe>KUB,
+£

*

F (%),
TOx=1 G (x),

F'(x)UGCx),

KEX-B
KEB-K
x€eXNB

Let (T, 2KuB) , (b, $) = (M, 7)KUBUS), where for all 5 e?KUBUS,

Thus,

M(x)

*
Let (G, B) | (b, §) = (K, BU3), where for all xeBUS,
&

*

T (x),
M(Cx)=1 B (x),

T'(x)UB(x),

(F(x),
G(x),
F(x)NG'(x),

={B (%),

F(x)UB(Cx),
GOx)UB(CK),

G (x),
KOx)=y B (x),

G'(x)Ub(x),

L (FGING' (k) )uB(x),

*ECKUB)-S
x€S-(KUB)
*ECKUB)NG

x€CK-B)-5=XKNB NS
XK€ (B-XK)-5=K'nBnS'
€ OKNB)-S=KNBrS'
KES-OKUB)=K'NB'NS
*ECK-B)NS=KNBNS
KE(B-K)NS=K'NBNS
KE(KNB)NG=KnBNS

KEB-S

KES-B
KEBNS

Assume that (F,2K) , (K, BUS) = (S, 2KUBUS), where for all 5xeJKUBUS,
&

Thus,

SCr)=5

F (x),
S(x)=9 K (%),

F'(x)UK(x),

F (x),
G(x),

B(x),

G(x)NB'(k),
F'(x)UG'(x),
F'(x)Ub'(x),
F'(x)U(G'(x)UB(K)),

KEXK-(BUY)
KE(BUS)-K
XEKN(BUS)

xEX-(BUS)=KNBINS'
x€(B-)-K=KnBnS
xE(S-B)K=KNBNS
x€(BNS)-K=XKnBnS
*EKN(B-5)=KnBnS
xEKN(S-B)=KNBINS
xEXKN(BNS)=KNBrS

*
Thereby, M# S, implying that T, is not associative in Sg(U).

3 3 E 3 E 3
B EK) , (G XK, (B,XK)#EX) | [(GK) , (B K

Proof: Let (F, ) t (G, X) = (T, ’KuX), where for all >xe ’ KUX=K,

F (x), REXK-K=0
TCx)= G (x), KEXK-K=p
F'Cx)UG(x), sxeXK=X
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Let (T, 2K) t (B, 2K) = (M, JKUX), where for all >xeX,

T (x), KEK-K=0
M(x)=y B'(x), KEXK-K=0
T'(Cx)UB(CK),  xEXMK=K
Thus,
T (x), K EXK-K=0
M(x)= B (x), KEK-K=0
(FCING'C))UBCK),  skeXKK=K

Let (G,X) + (B, ) = (L, XKUXK), where for all xeX,

B (x), KEXK-K=0
G'(x)UB(Cxk), xeXK=XK

Let (F,2K) t (L, 2K) = (N, KUX), where for all xxeX,

G (x), KEK-K=0
L(x)=

L (x), KEK-K=0

F (%), KEK-K=0
N(x)=
F'Cx)ULCK),  xeKMK=XK

Hence,
F (x), KEXK-K=0
NGK=y L (x), XEXK-K=0
F'(x)U(G'Cx)UB(x)), KxeEKNK=K

*
M=N, implying that _ is not associative in Sy (U), where )X S E is a fixed set of parameters.
€
* *
D (EH) | (G B=G B) |, (XK.
*
Proof: Let (F,2K) | (G, B) = (b, ’KUB), where for all 5x€JKUB,
&

G (x), KEB-IK
F'Cx)UG(Cx), sx€XNB

*
Assume that (G, B) _ (F, X) = (T, BUX), where for all xeBUX,
&

F (x), KEXK-B
B(x)=

G (x), KEB-K
TCK)={ F(x), xEX-B
G'(x)UF(Ck),  xeEBNK

* *
Thus, b#T, implying that (F,K) , (G, K) # (GX) | (F, K). That is operation is not
& &

7 +8
commutative in both Sg(U) and Sy (U).
*
5) (FH) | (F, K) = Ux

Proof: Let (F, XX) t (F, °K) = (b, )KUX)), where for all >xe’X,
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F (%), KEXK-K=0
F'Cx)UFCK),  xEKK=XK

Hence, for all 5xeX, B(x)=F'(;x)UF (>x)=U and so (b, )X) = Ux.

F (x), KEXK-K=0
B(x)=

*
The operation __is not idempotent in Sg(U).
&
*
6) (F,2K) +£(Z)>K= (F, K)r.
%
Proof: Let @x= (S, )K). Thus, for all xeZK, SCk)= 9. Let (F,2K) | (5, K) = (b, XKUX), where for all xe’X,
&

S (x), KEK-K=0
F'CxUSCx),  xEXNK=K

Hence, B(>x)= F'(x)US(x)= F'(>x)u@=F' (), for all >xe’K, implying that (b, 2K) = (F, XX) r.

F (%), KEK-K=0
B(x)=

*
7) Ox . (F,K) = Ux.

Proof: Let @x= (S, X). Thus, S(x)= @ for all xeX. Let (S, 2K) t (F, 2K) = (B, KuX), where for all >xe’X,
&

S (%), KEK-K=0
BOk)=1 F(x), XEXK-K=0
S'CK)UF(k),  xeXKNK=XK

Hence, B(>x)= S'(;x)UF (>x)= UUF (x)=U, for all ;xeX, implying that (b, )X) = Ux.

*
8) P +£(F, K) =U.

Proof: Let @g= (S, E). Thus, S(x)= 9, for all >x€E. Let (S, E) j (F, ’K) = (b, EUXK=E), where for all ;x€E,
5 (), KEEK=K
BCx)=1 F(x), KEX-E=0
S'(x)UF(x),  xeXNE=X

Since S'(>x)UF (>x)= UUF (>x)=U for all xxeX,

U, K EE-K=X'
HCx)={ F(x),  x€XK-E=0
U, KEKNE=K
Thus, for all :xeE, b(:x)=U, and so (b, E) = Ug.

9 (FK) |, 0o=06 _ (F,K)=(F, ).

Proof: Let §4= (K, @) and (F,K) j_‘ (K, 9) = (Q, Kup) = (Q, X), where for all >xe’X,

F (), KEXK-0=K
QCx)={ K (x), KEP-K=0
F'(x)UK (), KEXND=0

Hence, Q(x)= F'(x) for all 5xe’K, and (Q, )XX) = (F, X) r.

Similarly, let @y 1‘ (F, K) = (W, @ U XK) = (W, X), where for all >xeX,
&
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K (), KEB-K=0
WEK)=1{ F'(x), KEX-0=K
K'Cx)UF(x), KEPNK=0

Hence, W(x)= F'(x), for all xxeX, and (W, X) = (F, X) r.

*
10) U)K +£(F/ >I<) = (F/ >I<)
Proof: Let Uy= (T, )X), where for all >xeX, T(x)=U. Let (T, ) t (F,X) = (b, KuX), where for all

xeX,
T (x), KEK-K=0

B(X)‘{ F (%), KEXK-K=0
T'(x)UECK),  xEKNK=XK

Hence, B(:x)= T'(>x)UF (x)=QUF (x)=F(:x) for all xeJK, and (b, X) = (F, JK). That is, the left identity

*
element of + in Sy (U) is the soft set Ux.

11) (F,%)  Ux= U

*
Proof: Let Ux= (T, JK), where for all xxeX, T(x)=U. Let (F,2K) _ (T,)K) = (b, ’KUX), where for all
&

xeX,
F (x), KEXK-K=0

B(x)-{ T (), KEXK-K=0
FxUTCk),  sxeKK=K

Hence, B(x)= F'(x)UT(x)= F'(x)uU=U for all xxeXX, and (B, )X) = Ux. That is, the right absorbing

element of t in Sy (U) is Ux.
12) 6K) | FK) 1= K)r.
Proof: Let (F, )K) r = (B, )X), where for all ;xe’X, b(x)=F'(x). Let (F, X) t (BX) =(T, ’KUX)), where for

all xxeX,
F (x), KEXK-K=0

T(x)—{ B (x), KEK-K=0
F'(x)UB(Ck),  xEXKNK=XK

Here, T(x)= F'(x)ub(k)= F'(x)UF'(x)= F'(x) for all xxe’X, and thus (T, 2K) = (F, X) r . In Sg(U), the

complement of every soft set is its right absorbing element for the operation
&

13) (F, K)r ; (F,K) = (F, K).
Proof: Let (F,K)r = (5,)X), where for all xe)X, B(x)=F'(x). Let (B,2K) t (F,2K)=(T,’KUX), where for all

xeX,
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F (x), KEXK-K=0
B'(x)UF(Cx),  xEXUK=K

Here, T(x)= B'(x)UF(K)= F(k)UF(k)= F(x) for all xxeX, and thus (T,K)= (F,K). In Sg(U), the

B (x), KEXK-K=0
TCx)=

complement of every soft set is its left identity element for the operation _ .
&

14) [(F,K) | (GBI T=(F,K) \,(G, B).

Proof: Let (F,2K) * (G, B) = (b, ’KUB), where for all >xe’KUB,
+

F (x), xEX-B
B(x)={ G (x), KEB-K
F'(x)uG(x),  x€XNB

Let (B, 2KUB) r = (T, 2)KUB), where for all >xe’KUB,

F(x), KEXK-B
TCx)=9 G(x), KEB-)K
F(x)NG'(x), xEXKNB

Hence, (T, KUB) =(F, X) \ ,(G,B).
15) (F, ) | (6.)= 0 (F)K) = Ux and (GK) = O

*
Proof: Let (F,2K) , (G,XK) = (T, XKUX), where for all xeX,
&

F (x), KEXK-K=0
TCx)={ G(x), KEXK-K=0
F'CxUG(Cxk),  xeXK=XK

Since (T,K)= @, T(x)=0 for all xeX. Thus, for all xxeX, F'(x)UG(K)=0. So, for all x € K, F'(x)=0
and G(x)=@. Hence, (F,2K = Ux and (G,K) = Ox.

16) P E(F,K) tE(G,B), 0p E(F,XK) tE(G,B), Brkus E(F,K) tE(G,B), (E,2K) tg(G,B) € Uxus-
17) (K€ (F.) - (GB)and (GK) € (FK) | (GK)

*
Proof: Let (F,2K) , (G, B)=(b, XX U B), where for all sxe’)KUB,
+e

F (x), KEX-B
B(x)=1{ G (x), KEB-K
F'(x) UG(Cxk), x€XNB

Thereby, B(x)=F' (k) € F'(x), for all >xeXX-B and B(x)=F'(3x) S F'() U G(x), for all >xe JKnB. Thus,
(F, X) rE (F,X) t (G, B). Similarly, G(x) S F'(k) U G(x), for all sxe€X. Thus, (G, ) € (F,K) I (G, X).

18) If (F, X) £(G, K), then (5K) | (£ € (B30 | (6.,

Proof: Let (F,K) € (G, ), where for all xeX, F(x)SG(x). Let (B,2K) _T_ (F,K)= (W, X), where for all

KEXK,
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F (x), KEXK-K=0
B'Cx)UF(x),  xeXK=K

Let (B,2K) _T_S(G)K) = (L, ’X), where for all xeX,

B' (>I<v)/ >K€>I<_>K=®
W(Cx)=

G (x), KEK-K=0
B'Cx)UG(x),  xeXKK=K

Thus, for all xeX, W (K)=B'(x)UF(CK) € B'(x)UG(x)=L (k). Hence (B,X) j_ (F,XK) €

B (x), XEXK-K=0
L(x)=

(5,50 | (6.

19) If (B,K) j_ (F,XX) € (B, X) _t (G,2K), then (F, 2X) €(G, X) needs not be true.

Proof: Let E= {e;,e;,e3,e,4 €5} be the parameter set, )K= {e;,e3} be the subset of E, U= {h;,h,,h3,h,, hs}
be the universal set. Let (F, JX) = {(ey,(hz hs}), (es,{hy,hyhs})), (G, OK) ={(e,{h;})(e3 {hy,h,})},

(B,K)={( e1,9),(e3,0)}be soft sets over U. Let (5,X) j_ (F.K)= (L, )X). Then, (L, )X) ={(e1,U), (e3,U)} and let
(BK)  (6,)= (<, K), thus (K, 5K) ={(e1,U) (5, U)). Hence (B,K) ; (FK) € (B,)K) | (G.)K), but (F,
’K) is not soft subset of (G, K).

20) If (G, X) € (F,B) and (K, X) € (L, B), then (F, m): (K, X) E(G, B) _’: (L, B).

Proof: Let (G,X) € (F,B) and (K, X) € (L,B). Hence, )X € B and for all %X, G (%)<S F(x) and K

(9 LG Let (F, ) | (KK) = (W, ). Thus,

K (x), KEXK-K=0
F'OxUKCK),  sKeEKMK=K

for all ;xeX. Let (G,B) I (L,B) = (5,B). Thus,
&

F (x), KEK-K=0
W(Cx)=

G (x), KEB-B=0
SCx)={ L (x), XEB-B=0
G'(x)UL(x), >x€EBNB=B

for all xkeB. Hence, since W(K)=F'(x)UK(xk) € G'(x)UL(x)=S(xk), for all xeX, (F, )K,)_T_< (K, 2K)
_ *
S(G,B) _l_g(L,B).

Theorem 3.4. Let (F, XX), (G, B), (b, S) be soft sets over U. Then,

1) I KBrS=0, then (F, 20, [(G, BNw(B, 9] = [(F.K) (G, BINGIFK0, (5,9

2) 16 K BrS-KNBS-0, then (F,)K) . [(G, BUx(B, $)] = [(F ) ] (G, BINRI(E, )., (5, 9)].

3) 1 K nBrS= KnBrS-=0, then (F, )., [(G, B)* w(B, $)1 = [(F.20 . (G BIWI(E, ) . (5, 9)]
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4) KBS~ K=, then () | [(G, B)OR(B, 911 = [(F. ) . (G, BIURIEH) (B, 9

Proof: (1) Let (G, B)ng(b, S) = (M, BnS), where M(xk) = G(K) N B(K), for all xeBNS. Let

(F,X) _:; (M,B N S)=(N, KU (B NnS))), where

F'(x), KEXK-(BN3)
NGR={ M), XE(BIS)K
F(x)UM(CK),  xEXN(BNS)
for all >xe’Ku (B N S). Thus,
F (), KEK-(BrS)=K-(BrS)
N(x)—{ G, (x)UB'(x), KE(BNS)-K=K'nBnS
F OU(GEK)NBCK)),  xEXKN(BNS)=KNBNS
Let (F,2K) : (G, B) = (V, ’KUB), where
F'Cx), XEXK-B
V(x)=1 G'(x), KEB-)K
F'(xuG(x),  xeXNB
for all >xe’KUB. Assume that (F, K) : (B, $) = (W, KUS), where
F'(x), KEXK-3
W(K)=4 B'Cx), XES-K
F'(x)UB(Ck), K€EXKNS

for all »xeXUS, Let (V, JKuB) ng(W, KUS) =(T, CKuB)N (0K U S))), where T(k)=V(x)NW(xk) for all

xeXKU(B N S). Hence,

( F (x)NF (x), KECK-B)NCK-$)=XKnB'nS'
F ()NB'(x), KECK-B)N(S-K)=0
F (x)N(F (K)UB(K)) KECK-BINCKNS)=KNB'nS
G (x)NF (x), KE(B-IINCK-5)=9
T(x)={ G (x)nB (x), KE(B-XK)N(S-K)=XK'nBnS
G (x)N(F (K)UB(x)), KEB-KINCKNS)=0
(F GRUGGR)NF GK), K€ CKNB)NCK-$)=KNnBnS'
(F (x)UG(K))NB (), KECKNBIN(S-XK)=0
(F'(RUGGRINE CRUBCK)),  x€CKNBINCKNS)=XKnBS
Thus,
F (x), KECK-B)NCK-$)=2KnB'ng'
F (x) KECK-B)NCKNS)=KNB'NS
TGR)={ G (x)nB (%), KE(B-K)N(S-K)=K'nBnS
F (x) KECKNB)NCK-$)=KNBns'

(F'(x)UGGRN(F (K)UB(x)),  x€CKNBINCKNS)=KNBS

Here, when considering JK-(BnS) in the function N, since 2K-(BnS) =2)KN(BNS)', if an element is in the
complement of (BNS), then it is either in B-$, in $-B, orin (BU §)". Thus, if >x € X —(BNS), then >x € 2K N

BnS' or 3x € K, N B'NS or >x € 2K N BNS'. Hence, N=T under JX'nBNS =0.
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Theorem 3.5. Let (F, XX), (G, B), (b, S) be soft sets over U. Then,
* *

1) IF (KAB)N $=0, then [(F, ) Ux(G, B)], (B,9)=[(F. ), (B, $INI(G, B), (B, 9L
2)1f OKAB)N §-0, then [(F,X)0(G, B)L, (5,9) = [(F )} (B, 9URI(G, B, (B, 9L

3) 1 KBr§=CKAB)N $=0, then [(F, #00x (G, B)l, (5,9)=[(F.K) ) (5, 9] l(G, B) ;B3]

* *

4) If KnBnS'=(’KAB)N $=9, then [(F,XK) * g (G, B)]_:;(B/ 9) =lEXK),_ BIHIRIGE), (BS)-
Proof: (1) Consider first LHS. Let (F, 2K) Ur(G, B) = (M, XKnB), where M(>x)=F (x)UG(x) for all >xeKNB.

Let (M, JXnB) : (B, S) = (N, (’)KnB) US), where for all >xe(OKNB) US,

M'(Cx), KE(KNB)-S
N(Cx)={ B'(x), KES-(KNB)
M'(x)UB(x),  KEXKN(BNS)
Thus,
F'(x)NG'(x), KE (KNB)-S=2KnBnS'
N(Cx)=1{ B'(x), KES-(KNB)=5-(KnB)
(F'CxNG'(k))UB(K),  xeXKN(BNS)=KNBNS

Let (F, %) : (B, S) = (V, JKUS), where

F'(x), KEK-S
V(k)={ B'(x), KES-K
F'(5x)UB k), 5xEXKNS

for all 5xeKUS. Now, let (G, B): (B, S) = (W, BUS),

G'(x), KEB-G
W(x)=1 B'(x), KES-B
G'(K)UB(x), XEBNS

where for all 5xeBUS. Let (V, 2KUS) Ng(W, BUS) = (T, CKUS)N(BUS)). Here, T(x)=V(x)NW (k) for all >xe
(PKUSN(BUS). Thus,

F (x)NG (oK), K€ CK-$)N(B-3)=KNBnS'
F (x)NB (), XECK-3)N(S-B)=0
F (x)N(G'GRUB(K)), KECK-9)N(BNS)=0
B'(K)NG (x), KE(SK)N(B-$)=0
TCx)=4{ B (x)nB (), KE(S-K)N(S-B)=KNB'nS
B (x)N(G'GK)UB(x)), KE(SKINBNS)=K'NBS
(F'Gx)UB(x))NG (), xKECKNSIN(B-5)=0
(F'Gx)UB(x))NB (K) KE(KNSIN(S-B)=KNB'NS
(F'()UBCK)IN(G GKUB(x)),  sk€CKNS)N(BNS)=KNBnS

Thus,



P M\ caderlieians-Gate

F (x)NG (x), KECK-9)N(B-$)=KnBnS'
B'(x) KE(S-K)N(S-B)=K'NB'NS
T(x)={ B (x)nG'(K) XE(S-K)NBNS)=XK'nBNS
F ()NB'(x) KECKNS)N(S-B)=KNB'NS

(F'Cx)UB(x))N(G'CrIUB(K)), ke OKNBINCKNS)=KNBNS
Here, when considering $-(KnB) in the function N, since 2K-(BnS) =’)KN(BNS)', if an element is in the

complement of (BNS), then it is either in B-$, in $-B, orin (BU §)". Thus, if >x € X —(BNS), then >x € 2K N
BnS' or sk e X KNBNS or x € dKNBNS. Hence, N=T, where X'NBNS=XKnB'NS=@. The condition
K'nBNS=2KNB'NS=@ implies that CKAB) N $=0.

Theorem 3.6. Let (F, ), (G, B), (b, S) be soft sets over U. Then,

1) I KNBS'=CKAB)N 50, then (F,)K), [(G, BINe(B, $)1 = [(FH0).}” (G, BYINCIF, %) (B, 9

2) 1 KBS =CKAB)N $-0, then (F, ), [(G, B)Uc(B, 9] = [(F, >K)+* (G, B)U.I(F, >K>: 1))

3) I JKnBnS'=(’KAB)N §=0, then (F,2K) I [(G, B) * ¢(B, $)] =[(F, ) , (G B)JUL[(F, ) 4 (B )R

4) If KnBnS'=CKAB)N $=0, then (F, >K) +, UG B)O(B, 9)] = [(F,K) (G B)IN[(F, ) (B )]
Proof: (1) Let (G, B)n.(b, S) = (M, BUS), where
G(x), KEB-S
M(x)={ B(x), KES-B
GERINB(x),  KEBNS

for all >xeBUS. Let (F, )K,)_;_k (M, BUS) = (N, JKU(BUS)), where

F'(x), KEXK-(BUS)
N(x) {M'OK), KE(BUS)-K
F()UM(GK),  xeXKN(BUS)
for all >xe KUBUS. Thus,
F'(x), KEXK-(BUS)=KnB'NS'
G (x), KE(B-$)-K=KnBnS'
B'(x), KE(S-B)-K=KnBnS
NCx)={ G (K)UB'(K), KE(BNS)-K=2K'nBnS
F (K)UG(x), KEXKN(B-$)=KnBnS
F (K)UB(K), KEXKN(S-B)=KnBnS
F CUGERNB(K)),  KEKN(BNS)=KNBNS

Let (F,2K) _T_‘ (G, B) =(V, KUB), where

F'(x), KEXK-B
V(x)=1 G'(x), KEB-K
F'(x)UGCK),  x€EXKNB

for all >xe’KUB. Let (F, )K) (B S) = (W, JKUS), where

F'(x), KEK-S
W(k)={ B'(x), KES-K
F'(x)UB(xk), Xx€EXNS
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for all >xeKUS. Let (V, 2KUB) N (W, JKUS) =(T, CKUB)US), where

{ V(x), KE(KUB)-(KUS)
T(R)={ W(x), KE(CKUS)-(KUB)
V(x)NW(k), K E(PKUB)N(KUS)
for all >xe KUBUS. Thus,
F (x), KE(K-B)-CKUS)=0
G (%), KE(B-XK)-OKUS)=XK nBrS
F (x)UG (%), KE(KNB)-(CKUS)=0
F (x), KE(K-$)-CKUB)=0
B (), KE(S-K)-(OKUB)=X nB nS
F ()UB(x), KE(KNS)-(CKUB)=0
F GRNF'(x), KECK-BINCK-$)=KnB NS
Te)={ FGnB (x), KECK-BIN(SK)=0
F GrON(E GKUB (X)), KECK-BINCKNS)=XKNB nS
G GRNF (x), XE(B-X)NCK-S)=0
G (x)NB (), KE(B-X)N(S-K)=XK nBnS
G ()N(F (K)UB(x)), KE(B-KINCKNS)=0
(F Gx)UGGR))NF (), K€ CKNBINCK-9)=KNBnS
(F GRUG(K))NB (), KECKNBIN(S-K)=0
(F GrUGGIN(F (K)UB(x)), € CKNBINCKNS)=>KNBnS
Hence,
G (x), KE (B-K)-CKUS)=X nBnS
B (x), KE(S-K)-CKUB)=X nB S
F (%), KECK-B)INCK-$)=KnB NS
TCr)={ F 05, KECK-BINCKNS)=KnB S
G GxNB (), KEB-K)N(S-K)=XK nBnS
F (%), KECKNBINCK-9)=KNBnS
(F GrUGGOIN(F (KU B(x)), € CKNBINCKNS)=>KNBnS

It is seen that N=T, where X'nBNS=KnB'nS=)KNBNS'=@. Here, the condition X'NBNS=KNB'NS=0 is
equal to (KAB)NS= 0.

Theorem 3.7. Let (F, ), (G, B), (B, ) be soft sets over U. Then,

1) If CKAB)N $-0, then [(F, 5K) U«(G, B)] | (B, $)=[(F. ) ;" (B, NG, B) | (B, 9.

2)If (KAB)IN =0, then [(F, ) (G, B, (B, $)=[(F.)) | (B, S)IUEI(G, B) | (5,9

3) If CKAB)N $=KNBNS'=0, then [(F,X)B:(G, B} (B, $) =[(F.K) ) (B, UG, B) (B, )]

4) It OKAB)N $=KnBNS'=0, then [(F,2K) * (G, B)] (B, 9) = [(F,2K) SS(B, NG, B) , (B 9)]-

* *
Proof: (1) Let (F, 2K) U.(G, B) = (M, 2)KuB), where

F(x), KEXK-B
M(x)=1 G(x), KEB-K
F(x)UG(x),  x€XNB
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for all >xe’KUB. Let (M, J)KUB) _;_k (B, S) = (N, CKuB)US, where

M'(x),
N(Cx)=1{ B'(x),
M'(k)UB(x),

for all >xe KUBUS. Thus,

( F'(x),
G'(x),
F'(x)nG'(x),
B'(x),
F'(x)UB(x),
G (x)UB(x),
(F'(x)nG'(x))UB (),

N(Cx)=1

Let (F,2K) : (B, S) =(V, XUS), where

F'(x)UB(x),

F'(x),
V(x)={ B'(x),

*
for all >xeKUS. Let (G, B) 4 (B, S) =(W,BUS), where
€

G'(x),

W(x)—{ B'Cx),

KE(KUB)-S
XKES-(KUB)
KECKUB)NS

*ECK-B)-S-KnB S
*E(B-K)-5-KnBnS
*ECKNB)-5-KnBnS

x€S-OKUB)=KNBNS
*ECK-B)NS=KnBnS
*E(B-K)NS=KnBS
€ CKNB)NS=KBrS

KEK-S
KES-K
KEKNS

KEB-S
KES-B

G'(x)UB(x), XEBNS

for all >xeBUS. Let (V, 2KuS) N, (W, BUS) =(T,’KUBUS), where

V(x),
TCOx)=4 W(x),

KE(KUS)-(BUS)
KE(BUG)-(KU3)

VENWCK),  KECKUS)N(BUS)

for all >xe KUBUS. Thus,

TCx)=1

Thereby,

F (%),

B (x),

F (K)UB(K),
G (x),

B (x),
G'(x)UB(K),

F (NG (K),

F (x)NB (%),

F (Gx)N(G' (x)UB(K)),

B (x)NG (%),
B'(x)NB (%),

B (x)N(G'(GK)UB(K))

(F Gx)UB(K)ING'(K),

(F (GK)UB(K))NB'(x)

(F (x)UB(K))N(G' (x)UB(x))

KECK-S)-(BUS)=KNB NS
KE(SK)-(BUS)=0
KECKNS)-(BUS)=0

KE(B-S)-OKUS)=K nBnS
KE(S-B)-CKUS)=9
KE(BNS)-(KUS)=0

KECK-9)N(B-9)=KnBnS
KECK-9)N(S-B)=0
KECK-9N(BNS)=0
KE(SK)N(B-9)=0

KE(S-K)N(S-B)=K NB NS

KE(SKN(BNS) =K NBnS
KECKNSIN(B-9)=0

KECKNSN(S-B)=KNBNS
KECKNSIN(BNS)=KNBS
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F (%), KECK-S)-(BUS)=KNB NS
G (%), KE(B-5)-CKUS)=K nBrS
F (NG (), KECK-9)N(B-)=KnBnS
T(x)=1 B'(x), KE(S-K)IN(S-B)=K NB NS
B (x)NG (), KE(S-K)N(BNS)=2K'nNBNS
F (x)NB (%) K€ECKNS)N(S-B)=KNB'NS
(F (x)UB(x))N(G' (x)UB(x)) KECKNS)N(BNS)=KnBNS

Hence, under the condition JK'nBNnS=2KNB'nS= @, N=T is satisfied. The condition JK'nBNnS=KNB'NS=0 is
equivalent to KAB)NS=0.
Theorem 3.8. Let (F, XX), (G, B), (b, S) be soft sets over U. Then,

1) If CKAB)N $-KNBNS'=0, then (F,)K) ;. [(G,B) 1, (B, $)1=[(F.K) ;. (G, B o [F) (B, 9
2) 1f OKAB)N §-KnBrs=0, then (F, %), [(G, B) , (B, 911 = [(F, %), (G, B)I |, [(EK),; (B, 9.
3) 16 KnBAS=0, then (F, ), [(G,B) (5, 9] =[(F.X) { (G B [EH) , BIL
4) 1 KBrS= KnBn$-=0, then (F, 0., (G, B)g (B, $)1 = [(F.)K) (G, B)I |, [(F.K) (5, 9)]
Proof: (1) Let (G, B) : (B, S) =(M, BUS), where

G'(x), KEB-S

M(Cx)=4 B'(x), KES-B
G(x)NB(K),  KEBNS

for all >xeBUS. Let (F, )K,): (M, BUS)=(N,KU(BUS)), where

F'(x), KEXK-(BUS)

N(x)—{ M'(x), KE(BUS)-K

F ()UM(x), KEKN(BUS)

for all >xe KUBUS. Thus,
F'(x), KEXK-(BUG)=KnB'NG'
G(x), KE(B-)-K=K'nBnS'
B(x), *E(S-B)-K=XKnBnS
N(x)={ G'CK)UB'(x), KE(BNS)-K=XK'nBnS
F (K)UG'(x), KEKN(B-$)=KNBnS
F (K)UB'(x), KEXN(S-B)=KNB NS
F GUGERNB(K)),  KEKN(BNS)=KNBNS

Let (F,2K) : (G,B) = (V,2KUB), where

F'(x), KEXK-B
V(x)=1 G'(x), KEB-K
F'(x)uG(x), x€XNB

for all >xe’KUB. Let (F,X) : (B,S)=(W,KUS), where

F'(x), KEK-S
W(k)={ B'(x), KES-K
F'(x)UB(x), KEKXKNS
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for all >xeKUS. Let (V,2KUB) : (W, 2KUS)=(T,(PKUB)US), where

V'(x), KE(FKUB)-(KUS)
TCx)=1 W'(x), KE(KUS)-(PKUB)
V(E)NW(xk), KE(KUB)N(CKUS)

for all >xe KUBUS. Thus,

F(x), KE(K-B)-(CKUS)=0
G(x), KE(B-XK)-OKUS)=XK nBnS
FxNG'(x), XK€E(KNB)-(KUS)=0
F(x), KECK-$)-CKUB)=0
B(x), KE(S-K)-CKUB)=XK B nS
FGxNB' (), KECKNS)-CKUB)=0
F GRNE (x), KECK-BINCK-9)=KnBnS
T E'(X)ﬂB'I(x), >K€(>K-B)O(S->K)f®
F ()N(F GKUB(K)), KECK-BINCKNS)=KNB NS
G GRNF (x), XE(B-X)NCK-S)=0
G (x)NB (x), KE(B-XK)N(S-K)=XK nBnS
G GNE (UB(K)), KE(B-XINCKNS)=9
(F G)UGGR))INF (), KECKNBINCK-9)=KNBnS
(F GRUGGK))NB (%), KECKNBIN(S-K)=0
(F GRUG(x)N(F (x)UB(x)), K€ CKNB)NCKNS)=KNBNS

Hence,
G(x), KE(B-XK)-OKUS)=K nBnS
B(x), KE(S-K)-CKUB)=X B nS
F (%) KECK-B)INCK-$)=KnB NS
F (), KECK-BINCKNS)=XKnB nS
G ()N (), KE(B-K)N(S-K)=K nBnS
F (x) KECKNBINCK-9)=KNBnS
(F GRUGCK)N(F (x)UB(x)), KECKNBINCKNS)=KNBNS

N=T is satisfied where JK'nBNS=KnB'nS=2KnNBNS'=@. The condition JK'nBNS=KNB'N$=@ is equivalent to

(KAB)NS=0.

Theorem 3.9. Let (F, XX), (G,B), (b,S) be soft sets over U. Then,

1) If CKABIN $-0, then [(F, ) ) (GBI1, (BS)-IEK) [ B3] [GB) | B

2)1f OKAB)N $-0, then [(FK) | (GBI} (BS)IIEH) | (B, [GB) ; BIL

3) 1f OKAB)N $=KnBrs'=0, then [(F, ) (GBI, (BS)I(F, %), (B9, [(GB), BI)
4)TF OKAB)N $-KNBNS'=, then [(F, ) . (GBI, (BS)-IEK) |, (BS) 1 [(GB) ) (B3

Proof: (1) Let (F, XK) : (G, B)=(M,KuB), where



F'(x),
M(Cx)=1 G'Cx),
F(x)UG(x),

x€X-B
KEB-K
x€eXNB

*
for all >xe’KUB. Let (M,>KUB) n (B,S)=(N, (PKUB)US), where for all >xe KUBUS,
€

M'(x),
N(Cx)=4 B'(x),
M'(x)UB (),

Thus,

 F(x),

G(x),

F'(Cx)NG'(x),

N(Cx)=1 B'(x),

F(x)UB(x),

G(x)UB(x),
(F'(x)NG'(x))UB (),

Let (F,2K) : (B,5)=(V,KUS), where

F'(x),
V(x)={ B'(x),
F'(x)UB (),

k

for all >xeKUS. Let (G,B) 4 (5,5)=(W,BUS), where

G'(x),
W(Cx)={ B'(x),

KE(PKUB)-S
XES-(KUB)
KE(KUB)NS

x€CK-B)-S=XKnBS’
€ (B-K)-5=KnBrS’
x€OKNB)-S=KNBNS
*€S-CKUB)=K NBINS
€ CK-B)NS=KnBnS
x€(BK)NS=K'nBnS
€ CKNB)NS=KnBnS

KEK-S
KES-K
KEKNS

KEB-S
KES-B

G'(x)UB(x), XEBNS

for all >xeBUS. Let (V,2KUS) : (W,BUS)=(T,’KuBUS), where

V'(x),
TOx)={ W'Cx),
VENW k),
for all ;xe2KUBUS. Thereby,

F(x),
B(x),
F(Cx)NB'(x),

G(x),
B(x),
G(x)NB'(x),

F ()G (%),

T(x)={ F(NB(x),

F (Gr)N(G'(K)UB(xK)),

B (NG (),

B (K)NB (),

B (x)N(G'(x)UB(K))
(F'(x)Ub(x))NG'(k),
(F'Gx)UB () )NB (k)

U (F'(x)UB(K)N(G GKIUBGK))

KE(KUF)-(BUF)
KE(BUS)-(KU3)
KE(KUIN(BUF)

KECK-9)-(BUS)=KNB NS
KE(SK)-(BUS)=0
XE(CKNS)-(BuUS)=0

KE(B-9)-OKUS)=K nBnS
KE(S-B)-(OKUS)=0
KE(BNS)-CKUS)=0

KECK-9)N(B-9)=KnBnS
KE(CK-$)N(S-B)=0

XE(CK-$)NBNS)=0

KE(SIK)IN(B-9)=0
KE(S-KIN(S-B)=KnB S
KE(SKIN(BNS)=K'NBNS

KECKNS)N(B-9)=0
KE(KNSIN(S-B)=KNB'NS
KECKNS)N(BNS)=KNBNS

Acaderlitians-Gate R
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Therefore,
F(x), KECK-S)-(BUS)=KNB NS
G(x), KE(B-9)-(OKUS)=K nBnS
F (NG (x), KECK-9)N(B-9)=KnBnS
T(x)=1 B (x), KE(SK)IN(S-B)=K NBNS
B (x)NG (), KE(S-K)IN(BNS)=2K'nNBNS
F (N6 (x), KECKNS)N(S-B)=KnB'NS
(F'GrINBEK)N(G GK)UB(K)) KECKNS)N(BNS)=KNBNS
N=T under the condition JK'nBN$=KnB'nS=@. Here, JK'nBNS=’KNB'NS=0 is equivalent to the condition
(KAB)NS=0.

Theorem 3.10. Let (F, XX), (G,B), (b,S) be soft sets over U. Then,

1) I KNBNS-KnBrS-0, then (F, )., [(GB) (BS)I-I(EK); (GBINIEH), (B3

2) I (KABINS= 8, then (F, ) ;" [(GBIG(BSI-I(E.K)} (GB)] JI(F.K), (BS)

3) 1f OKAB)'S=KnBrS'= 0, then (F, ) ;" [(GB) 5 BOIHE) 4 GBILIEI) . BI.
4 CKABINS=KNBS=0, then (F,)K) | [(GB)g(BSI-IE K0 (GBINIEH) . (BS]

Proof: (1) Let (G,B) . (B,9)~(M,B), where

_(G(x), KEB-S
MOI{ o), meBg
for all xeB. Let (F, )K,): (M,B)=(N,KuB), where
F'(x), KEXK-B
N(K)= M'(>K), KEB-K
F Cx)UM(CK), x€XNB
for all ;xeJKUB. Thus,
F'({K), XEX-B
G ‘(>K)/ KE(B-$)-K=K'nBnS'
N (k)= G(x)uB'(x), XE(BNS)-K=K'NBNS
F (x)UG(x), KEKN(B-$)=KnBnS'

F UGERNBOK)),  KEKN(BNS)=KNBS
Let (F,X) : (G,B)=(V,’KUB), where
F'(x), KEXK-B
V(x)=1 G'(x), KEB-K
F'(x)uG(x), x€XNB
for all >xe KUB. Let (F,X) _: (B,5)=(W,2KUS), where
F'(x), xEXK-S
W(x)={ B'(x), KES-K
F'(x)UB(x), XEXKNS
for all x€)KUS. Let (V,XKUB) _ (W, JKUS)=(T,(’)KUB)), where
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T()K,)= {VOK)/ >KE(>KUB)'(>KUS)
VExNWEk),  x€CKUB)NCKUS)

for all >xe’KuB. Thus,

F (x), K€ECK-B)-(KuS)=0
G (x), KE(B-K)-(CKUS)=K'nBnS'
F (x)UG(x), KE(KNB)-(CKUS)=0
F (x)UF (x), K€CK-B)NCK-$)=XKnB'nS'
F (3)UB (), X€ECK-B)N(S-XK)=0
_— F Gx)U(E Gr)UB(x)), KECK-B)NCKNS)=KNB'NS
G (x)UF (x), KE(B-AK)NCK-9)=0
G (K)UB (x), KE(B-K)N(S-K)=KNBNS
G GRU(E ()UB(K)), KE(B-XINCKNS)=9
(F GR)UG(K))UF (), KECKNBINCK-3)=KNnBrS'
(F GR)UG(X))UB (), x€CKNBIN(S-K)=0
(F GRUGG))IU(E (K)UB(x)), KECKNBINCKNS)=>KNBNnS
Therefore,
G (x), K€ (B-K)-(KUS)=K'nBS
F (x), X€ECK-B)NCK-$)=XKnB'nS'
Tex)=] F GOUBGR), xECK-BINCKNG)=KNBNS
G (x)UB (x), KE(B-JK)N(S-K)=K'nBnS
F (x)UG(K), K€ CKNBINCK-$)=KNBnS'
(F GRUG))U(E (x)UB(K)), K€ CKNBINCKNS)=KNBNS

Here, if we consider JK-B in the function N, since JK-B=JKnB', if an element is in the complement of
B, then it is either in S-B or (B U $)'. Thus, if 5x € JK-B, then xx € JKnNB'nS or xx € XNB'NS'. Thus, it is seen
that N=T, where JKnB'NnS=>KnBnS=0.

Theorem 3.11. Let (F, XX), (G,B), (b,S) be soft sets over U. Then,

1) If CKABINS=0, then [(F, 01, (GB; (BO-IF K[ BILGB), BS)
2) 1f OKAB)'S=0, then [(F, 0, (GBI} (BS)=[F K0} BIIIGB), BI)L
3) I CKABINS=KrBrs'=0, then [(F, 0 g (GB)1, (5.9 =I(F. X0 | (BSIIGE) ) (BS)
4) I CKAB)'S=KNBNS =0, then [(E %) (GB)I, (5,9 I(EX) | (BIIGB) ; BIL

Proof: (1) Let (F, %) (G,B)=(M,X), where
_( FCx), KEXK-B
MGx)= {F(>K)UG(>K), xEXNB
for all ;xeX. Let 1\/[,)K)_:< (B,5)=(N,’KUS), where

M'(x), KEK-S
N(x)=4 B'(x), KES-K

M (K)UB(x), x€XKNS
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for all 5xe)KUS, Thus,

F (x), KECK-B)-5=XKnB'nS'

F'(x)NG'(x), K€ (KNB)-$=2KnBNS'
N(x)=1 B'Cx), KES-XK

F (K)UB(K), KECK-B)NS=KNB'NS

(F NG (x))UB(K), KECKNB)NS=KNBNS

Let (F, %) : (B,S)=(V,’KUS), where

F'(x), KEXK-S
V(Cx)=1 B'(x), KES-K
F'(K)UB(x),  xEXKNS
for all >xe’KuUS. Now let (G,B) : (B,S)=(W,BUS), where
G'(x), KEB-S
W(x)=1 B'(x), KES-B
G'(x)UB(x), XEBNS

for all >xeBUS. Let (V,2KUS) ; (W,BUS)=(T,(CKUS)), where

(V) KECKUS)-(BUS)
T(*)‘{vm)nwom, XECKUS)N(BUS)

for all ;xeXUS. Thereby,

F (%), XE(CK-S)-(BUS)=KnB'NS'
B (%), KE ($-XK)-(BUS)=0
F'(x)UB(x), KECKNS)-(BUS)=0
F (NG (K), KECK-$)N(B-$)=KnBnS'
F ()NB (), KECK-3)N(S-B)=0
_— F'(>K)ﬂ((}'(>K)UB(>K)), KECK-9)N(BNS)=0
B (x)nG (), XE(S-K)N(B-9)=0
B (x)NB (x), KE(S-K)IN(S-B)=K'nB'nG
B (x)N(G'(x)UB(xK)) KE(S-KIN(BNS)=K'NBnS
(F'GKUB(x))NG (x), KECKNS)N(B-9)=0
(F'(x)UB (k) )NB (k) XE(CKNS)N(S-B)=2KNB'NS
L (FOOUBGOIN(GGOUBCR),  KeCKNSN(BS)=KNBNS
Hence,
(F (%), KECK-9)-(BUS)=KnB'nS'
F (KNG (x), KECK-$)N(B-$)=KnBnS'
TO)=1 B'v(>1<), | XE(S-K)N(S-B)="K'nNB'NS
B (NG (%), XE(SKIN(BrS)=KNBNS
F (K)NB (x), KECKNS)N(S-B)=KnB'NS
(F'Cx)UB(K) )N(G' GKIUB (X)), KECKNS)N(BNS)=2KNBNS

Under the condition JK'nBNS=KNB'n$S=@, N=T. The condition X'nBnS=XKnB'N$S=Q is equivalent to

(PKAB)NS=0.
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Theorem 3.12. Let (F, K), (G,B), (b,S) be soft sets over U. Then,
* * * * *
1) If (KAS)NB=0, then (F,2K) , [(GB)~(B9)=I(F ), (GBI~I[(FXK), (BS).
N N
, * * * * *
2) If OCKABINS=2KNBNS'=0, then (F, ) [(GB)~ (B)I=I(F, ) (GB)I~[(F, ) (B3)]-
U V)
* * * * *
3) If OKAB)NS= 0, then (F,2K) | [(GB)~(BIHEXK)  (GBI~IEK) , (BI)].
* U
* *

1 CRABISKNBnS =0, then (1,0, [(G)~ BHIHEH0 4 (GBI~ [E0  (BS)
N

*
Proof: (1) Let (G,B) ~ (B,5)=(M,B), where
n
_(Gx), KEB-S
M()K)_{G(X)OB(X), KEBNS

*
for all >xeB. Let (F, X) n (M,B)=(N,KUB), where
€

F'(x), KEXK-B

N(x)={ M'(x), KEB-K

F (x)UM(x), kEXNB

for all ;xe KUB. Hence,

F'(x), KeEXK-B
G(x), KE(B-5)-K=K'nBnS'
N(K)= G(x)uB'(x), XE(BNS)-K=K'nNBNS
F (x)UG'(x), KEKN(B-5)=KnBnS'

F GUGERNB(K)),  skEXKN(BNS)="KNBNS

Let (F,X) : (G,B)=(V,’KUB), where

F'(x), KEXK-B
V(x)=1 G'(x), KEB-K
F'(x)uG(x), x€XNB

for all >xe’KUB. Let (F,K) : (B,S)=(W,KUS), where

F'(x), xEXK-S
W(x)={ B'(x), KES-K
F(x)UB(K), x€XNS
%
for all >xeKUS. Let (V,2KUB) ~ (W,2KUS)=(T,(>’KUB)), where
n
_(V'Cx), KE(KUB)-(KUS)
TO0~{y o Gx),  XEORUBNOKLS)

for all >xe’KUB. Thus,
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F(x), KE(CK-B)-(KUS)=0
G(x), K€ (B-K)-(OKUS)=K'nBnS'
FCx)NG'(x), KE(CKNB)-(KUS)=0
F (K)NF (oK), KECK-BINCK-$)=XKnB'nS'
F (x)NB (x), XECK-B)N(S-K)=0
F ()N(F GK)UB(K)), KECK-B)NCKNS)=KNB'NS
TOR=\ G GonF (%), XEBK)NOK-5)=
G (x)NB (x), KEB-K)N(S-K)=KnBS
G Gx)N(F (x)UBCK)), KE(B-K)INCKNS)=0
(F GRUGCGR)NF (K), KECKNB)NCK-S)=KNnBns'
(F (x)UG(K))NB (), KECKNBIN(S-K)=0
(F (x)UGGR)IN(E (x)UB(x)), KE(KNB)NCKNS)=KNBNS
Hence,
G(x), K€ (B-K)-CKUS)=K'nBnS'
F (x), KECK-BINOK-$)=XKnB'nS'
o= FOO KECK-BINCKNS)=KnBNS
G (x)nb (x), KE(B-XK)IN(S-K)=K'nBnS
F (), KE(KNBINCK-$)=KnBnS'
(F (UG GR)IN(E (x)UB(x)), KE(KNB)NCKNS)=KNBNS
Under the condition JK'nBnS=)KnBn$'=@, N=T. The condition JK'nBNS=KNBNS'=@ is equivalent to
(CKAS)NB =0.
Theorem 3.13. Let (F, 2K), (G,B), (b,S) be soft sets over U. Then,
* " * * *
1) If CKAB)NS=0, then [(F,X) ~ (G/B)]+S(B/$)=[(F, >K)+E(B,S)] ~ [(G,B)+E(B/$)]-
U n
* b3 b3 * %
2) If OKAB)NS=0, then [(F,K) ~ (G,B)]+£(B,S) =[(F, >K)+S(E,S)] ~ [(G,B)+S(B,S)]-
n U
X 3

3 I CKAB)SKNBA =0, then [(F40~ (GBI (55) {50 §, BS]~[(GB) ;B
V)

* *

4) 1 OKAB)NS=KrBrS'=0 then [(F, ) ~ GB)1 (BS) -[F.H0) |, (91~[(GB) ) (B
* N

*

Proof: (1) Let (F,XK) ~ (G,B)=(M,K), where
U

(P, KEXK-B
M(*)‘{F(x)uc(x), KEKB

for all xxeX. Let (M, )I{)_: (B,5)=(N,>KUS), where

M'(x), KEXK-S
N(x)={ B'(x), KES-K
M (K)UB(K), sKEXKNS

for all 5xeXUS. Thus,
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F(x), KE(K-B)-5=KnB'ng'

F'(x)NG'(x), K€ (KNB)-S=2KnBNS'
N(x)=1 B'Cx), KES-XK

F(x)UB(x), XE(K-B)NG=KNB'NG

FOGONGGOIUBGY),  KECKNB)NS=KNBrS

Let (F, %) : (B,S)=(V,’KUS), where

F'(x), KEK-S
V(x)=1 B'Cx), KES-K
F(x)UB(x),  KEXKNS

*
for all xeXKUS. Let (G,B) . (B,S)=(W,BUS), where
+e

G'(x), XKEB-3
W(x)=1 B'(x), KES-B
G'(K)UB(x), X€EBNS
%
for all >xeBUS. Let (V,2KUS) ~ (W,BUS)=(T,(CKUS)), where
n

(V) KECKUS)-(BUS)
T(X)‘{vwmwox), KECKUS)N(BUS)

for all >xe)KUS. Thus,

F(x), KE(K-9)-(BUS)=KnB'nS'

B(x), KE(S-XK)-(BUS)=0
F(x)NB'(x), KECKNS)-(BUS)=0

F (NG (x), KECK-$)N(B-S)=KNnBnS'

F (K)NB (x), KECK-$)N(S-B)=0

F (x)N(G'(x)UB(x)), KECK-9N(BNS)=0
TO=1 B (0nG (%), XE(SHKIN(B-5)=
B (x)nB (x), KE(S-K)IN(S-B)=K'nB'NS

B (x)N(G'(K)UB(K)) KE(S-K)N(BS)=K'NBNS
(F'(x)UB(K) NG (x), KE(KNS)N(B-9)=0
(F'(x)UB (k) )NB (k) KECKNS)N(S-B)=KNB'NS

L (FxUB())N(G'GK)UBCK)), k€ CKNSN(BNS)=KNBNS

Therefore,

F(x), )€ (K-9)-(BUS)=KnB'nS'

F (x)nG (x), KECK-$)N(B-$)=KnBnS'

T(x)= By(>1<), | KE(S-K)IN(S-B)=K'NB'NS
B (x)NG (k) XE(S-KIN(BNS)=K'nBNS

F (x)NB (x) KE(KNSIN(S-B)=KnB'NS
(F'GxUB(R))N(G'GK)UBCK)),  x€CKNSIN(BNS)=KnBNS

Under the condition JK'nBNS=KnB'n$S=@, N=T. The condition JK'nBnS= 2KnB'nS= @ is equivalent to

(PKAB)NS= 9.
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4 | CONCLUSION

Soft set operations are fundamental in soft set theory, providing a framework for managing
uncertainty in data analysis and decision-making. In this context, we introduce a novel soft set operation
called the complementary extended plus operation and explore its algebraic properties. This study
examines the distributions of the complementary extended plus operation over various other soft set
operations. Future research may investigate different forms of complementary extended soft set
operations, their distributions, and their characteristics to identify the algebraic structures they generate

within the collection of soft sets.
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