ORIGINAL ARTICLE

Multi-attribute Group Decision-Making Based on Pythagorean

Fuzzy Rough Set and Novel Schweizer-Sklar T-norm and T-conorm

Amir Hussain!, Dragan Pamucar?, Mehwish Sarfaraz?

Authors’ Affiliation:

13 Department of Mathematics,
Riphah International University,
Lahore, 54000, Pakistan

?Faculty of Organizational Sciences,
University of Belgrade, Serbia.

Article History:

Submitted: August 09, 2022
Revised: November 26, 2022

ABSTRACT

The Pythagorean fuzzy rough set (PyFRS) is a robust framework that plays
a vital role in reducing the uncertainty from the extracted information from
real-life scenarios. In this article, we proposed some aggregation operators
(AOs) based on Schweizer-Sklar t-norm (SSTrM) and Schweizer-Sklar t-
conorm (SSTCrM). These AOs include Pythagorean fuzzy rough (PyFR)
Schweizer-Sklar weighted averaging (PyFRSSWA) and PyFR Schweizer-
Sklar (SS) weighted geometric (PyFRSSWG) operators to deal with the
information in the form of PyFR values (PyFRVs). The basic properties of the
developed AOs are investigated and then applied to the multi-attribute
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group decision-making (MAGDM) problem. The variation of the obtained
results is obtained by changing the values of the involved parameter in

Corresponding author(s): SSTrM and SSTCrM. Additionally, the obtained results are compared with

those obtained by existing AOs. Furthermore, all the observations and results
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Email: dpamucar@gmail.com are presented graphically.
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1 | INTRODUCTION

Decision-making (DM) problems are challenging mainly when the decisions are based on multiple
factors. The major problem in DM problems is the uncertainty in the information. To handle uncertainty,
several techniques and frameworks have been developed. First, the idea of the fuzzy set (FS) was introduced
by Zadeh [1] to describe the belongingness of an object to a set with the help of the membership grade
(MrGr) m € [0,1]. The FS has been playing an important role to reduce the uncertainty from information.
With the introduction of the FS, several real-life scenarios can be described with less hesitation. For example,
according to the crisp set, the adultness of a person can be described as either the person is adult or not if
the adultness age is 18 years. The question is, what about a person who is 17 years, 11 months, and 29 days
old? According to the crisp set, he is not an adult yet but will be an adult after some hours. A lot of such
silly things would happen; hence, the FS is the tool that can describe such scenarios by assigning the values
to an object from 0 to 1. Another framework as the generalization of the FS, named intuitionistic FS (IFS)

was introduced by Atanassov [2] where the belongingness of an object was described with the help of an
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additional grade i.e.,, non-membership grade (NMrGr) « € [0,1]. The role of the IFS in reducing the
uncertainty from the information is very significant; hence, several researchers have applied the IFS in
different scenarios. [3] used IFS in graph theory, [4] used IFS in medical diagnosis, [5] used IFS in the
extension of complex IFS, [6] used IFS to introduce intuitionistic fuzzy metric spaces, [7] used IFS in pattern
recognition, and so on. To increase the range of the IFS, Yager [8] introduced the Pythagorean FS (PyFS) by
changing the condition of the IFS. PyFS became very popular among researchers and has very vast
applications. For example, Akram et al. [9] used PyFS in multi-attribute decision-making (MADM), Akram
and Shahzadi [10] used PyFS in graphs to solve decision-making problems, Ali et al. [11] used PyFS to solve
decision-making problems, and so on.

A rough set (RS) [12] is another tool to reduce uncertainty from information with the help of the lower
and upper approximations of the crisp set. RS is also a very useful technique to reduce uncertainty and
ambiguity; hence, several researchers used RS in several disciplines. For example, Grzymala-Busse [13]
discussed the application of the RS in data mining, and so on. Furthermore, [14] introduced the fuzzy rough
set (FRS) idea by making a bridge between the FS and RS. The FRS was an interesting idea where the FS
was defined based on the lower and upper approximations for the description of an object. Consequently,
the FRS became popular among researchers. For example, [15] used FRS in sample selection, [16] used FRS
in neural network selection, [17] introduced topological structures for FRS, [18] used FRS in uncertainty
measurement, and so on. As the IFS is the generalization of the FS, the linkage between IFS and RS named
the IFRS was introduced by [19] to cover more information than the FRS with less uncertainty. The
intuitionistic fuzzy rough (IFR) set (IFRS) is also an essential technique for researchers to reduce the
uncertainty of the information. For example, [19] used IFRS to solve the MAGDM problem, [20] used IFRS
to solve the MAGDM problem based by using Frank TNrM and TCNrM to operate the IFRVs, [21] used
IFRS in surgical instrument selection, and [22] used IFRS to solve DM problem, and so on. Similarly, Mandal
and Ranadive [23] introduced PyFRS which is the most genderized idea to reduce the uncertainty at the
maximum level.

Several t-norms and t-conorms have been introduced, such as Acze-Alsina [24], Hamacher [25], Frank
[26], and so on. These t-norms and t-conorms have played an important role in information handling,
especially in fuzzy frameworks. The SSTrM and SSTCrM are very significant generalizations of the t-norm
and t-conorm [27]. SSTrM and SSTCrM are very flexible because they involve parameters; hence, SSTrM
and SSTCrM provide an opportunity for decision-makers to choose the parameter's value. Due to flexibility,
SSTrM and SSTCrM have been widely used by researchers. For example, [28] used SSTrM and SSTCrM to
develop a methodology based on Maclaurin symmetric mean operator to solve the MADM problem, [29]
used SSTrM and SSTCrM developed AOs based on Pythagorean FS to solve MAGDM problem, [30] used
SSTrM and SSTCrM to develop AOs based on T-spherical FS to solve MAGDM problem. Furthermore, the

idea of PyFRS is also an important framework to cope with uncertain information, and we found a lack of
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tools based on SSTrM and SSTCrM for the framework of PyFRS to aggregate information in the form of
IFRVs. Hence, this article aims to develop the AOs based on SSTrM and SSTCrM.

The further study consists of four more sections. In section 2, the fundamentals of the articles are stated
for better understanding. Section 3 consists of the development of PYFRSSWA and PYFRSSWG operators.
In section 3, the basic properties of PYFRSSWA and PYFRSSWG operators are investigated as well. Section
4 includes the application of the developed AOs to the MAGDM problem. In section 4, first, the
methodology to use PYFRSSWA and PYFRSSWG operators is discussed and then a real-life example of the
MAGDM problem is solved with the help of these operators. The sensitivity and comparative study are also
included in section 4. In section 5, the article is summarized.

2 | PRELIMANRIES

This section includes the definitions of the basic terminologies. Some fundamental binary relations,
PyFS, PyERS, PyFRV, SSTrM, and SSTCrM, are defined in this section.
PyFS [8] is an interesting tool to tackle uncertain situations as defined below.
Definition 1: The PyFS O on the universe Z is defined as
0= (¢, (meuc)i € 7)
The PyFS consists of MrGru and NMrGrm V ug,me:Z - [0,1],0 < uf- < 1. Consider three
PyFVs, © = (m¢,u;) and O,, = (m¢,,uz,) for p = 1,2.50me basic properties of PyFVs are given below.

D1 U D, = (V(imy, my), ANy, usz))
D1 N Oy = (A(my, my),V(uyg, usz))

0,690, = (\/m% +m3 — m%m%,u1u2>

0, R0, = (mlmz, \/ui +u3 — uiu%)
O°f = ((u))‘, Ji—(Q1- mz)l) where D€ is the complement of the PyFV O

o0 = (\/1 -1 —uz)l,m’l) foro >0

The formation of the PyFRS is based on the binary relation [12]. The binary relation Q is defined as
follows.

Definition 2: Let Q € Z X Z be the binary relation on the set Z. Then Q is

reflexive iff (M, M) VM € O

symmetric if (M, 7) € Q then (t, M) e AV M, 7€ D

transitive if VM, 7, w € O if (1, w) € Q and (w, M) € Q then (t, M) € Q

Definition 3: [12] Let © be the universal set and Q be the relation. Now we assume a mapping Q0": O —
A(D) as

QV(a)={MeD:(a,M) €}, foraeD
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Where Q*(a) is named as the successor neighborhood of an element a concerning Q and (D, Q) is said
to be the crisp space of the approximation. For any set 2 € O the definition of the LA and UA are stated
below.

QMA(W) = (M € 0]Q* (M) € W}
QUAMB) = {M € Q|Q* (M) N W # ¢}

The set (QLA(QB), QUA(ﬂB)) is said to be an RS based on LA and UA.

Definition 4: [12] Let © be the universal set and € be the relation from PyFS(O X O). Then

Q is reflexive iff mq(M, M) = 1 anduqg(M, M) =0V M €D

Q is symmetricif V(M, 1) € O X D thenmg (t, M) = mq(M,7) VM, T € Dand uq (1, M) = uq(M, 1)

Q is transitive if V M, 7,w € O if (1, w) € Q and (v, M) € Q then mq (7, M) = V[mq(t, ©) A mq(w, M)]
and uq (7, M) = Al ug(t, w) A g (w, M)].

Definition 5: [23] Let O be the universal set and Q € O x O be the PyF relation then (D, Q) is said to be
the PyF space of the approximation. For any set W S PyFS(DO) the definition of the PyFLA and PyFUA are
stated below.

QPYFUA(R) = (M, mgpyrua gy (M), tgeyrua gy (M) | M € O}
QPYFLA() = (M, mgpyrLa gy (M), wqpyria g (M) | M € O}
Where,

mQPyFUA(QB) (M) = \/[WLQ(M) (M, l) \% mﬁB(M)]
leD

/lLQPyFUA(%) (M) = /\[’LLQ(M) (M, l) A /I/LQB(]\/[)]
leQ

mQPyFLA(%) (M) = /\[mQ(M) (M, l) A mﬂB(M)]
leQ

’I/LQPyFLA(QB) (M) = \/[MQ(M) (M' l) \% /M’QB(M)]
leD

With condition 0 < mqgpyrua gy (M) + wgeyrua gy (M) < 1 and 0 < mgryra gy (M) + wgpyra gy (M) <
1. The set (QPYFLA (W), QPYFUA (?IB)) is said to be a PyFRS based on PyFLA and PyFUA.

Definition 6: [31] The SSTrM and SSTCrM are defined as

Wss(0,6) = (0 +¢7 ~ 1) /e
Wiss(0,0) = 1= ((1=0)* + (1=~ 1)e

31 AGGREGATION OPERATORS FOR PYFRVS BASED ON SSTRM AND

SSTCRM

In this section, a family of weighted averaging and geometric AOs is developed by using the SSTrM
and SSTCrM. First, some operational laws for PyFRVs are defined based on the SSTrM and SSTCrM to
develop these AOs.

Some basic operational laws for PyFRVs are defined below.
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Definition 7: Let N, = ((/mla,u;?), (m;“,uza)) ,# = 1,2 be two PyFRVs. Then

( L (=) (1 - Zla)“—1)1/“,((uaa>“+(uaa)“—l)”“)
9?1699?2=
( - mlua>“+(1—m§“a)a—1)1/a,(<u3‘a)“+(u';a)“—nl/a)
a Ve a a Y
(((m I =) 1= (- (- 037" )
9?1®9?2=
(ot Gmgye = 0%, f1 = (@ = aere 4 (1= aroye - %) | O
1 Vd
(jl—(n(l i) = =) () = (- 1) )
ity =
1/(1 1/(1
\(J 1= (1 — m2v)e — (n — 1)) 7%, (nCat)s — (- 1)) )
e a Ya
. (n(mi)* — - 1) .Jl—(n(l—uila) - -1)

1 1
(nomiy = (g = 1), 1 = (n(1 — ey — Gy — 1) e
Based on these operational laws, weighted averaging AO is defined below.
Definition 8: LetiR ((fmla,/u,la) (m ;‘1 ) p»=12,--,K are X PyFRVs and QBZ, is the weight of

the pth PyFRV such that ¥ 5_; 8, = 1 (Note that the notation I, is used for the weight of pth PyFRV

unless otherwise stated). Then the PyYFRSSWA operators are defined as

K
PYFRSSWA(Ry, Ry, -+, Nye) = B BW,N,,
p=1

IS
QIR

K

X
> m,(1-mza)* | Zw(wa ®
»=1

=1

]
]

X a X
>, (1-mga) ) | am, ue)”
p=1 »=1

Some basic properties of the PyYFRSSWA operator defined in Equation 2 are stated and proven in the

following.
Theorem 1: Let N, = ((mf,?,uf;), (fm;a,u;“)) , =1,2,--,K are X PyFRVs. Then the PyFRV is obtained

after aggregation by the PyFRSSWA operator as follows.



PYFRSSWA(Ry, Ny, -+, Nyc) =

x @
Z W, (1 - mzia)”
=1

1
a

K
z B, (1~ m3ue)”
p=1

Proof: We apply mathematical induction to prove Theorem 1 as follows.

ForK =2
1
2 a
> m,,(1-mze)
p=1
PyFRSSWA(9t,,0,) =
1
2 a
1- 2 W, (1 — m2ua)
W
Which is PyFRV.
Assume Equation 2 is true for K = n
1
a

PyFRSSWA(Ry, Ry, -+, Ny) =

1= ) (1 - mgua
»=1
We show Equation 2 true for K =n + 1,
PyFRSSWA(iRl,Enz, cee, ‘ﬁn, mn+1)
1
n a n
> w, (1= mze) £ (1= m2) | (D
p=1 p=1
1
n a n

r=1

Then,

D m,(1-mze)* + Wy, (1-m

2la \*
p+1

r=1

QIR

1
X a
>, (ult)”
p=1
1
K a
>, ()"
p=1
1
a
ula
1
a
‘JB;,(u
1
n a
Z QB;?(’”’;? ’
»=1
1
n a
>, ()
»=1

B, (w5)" + B ()"

’ Z W, (1) + Wy (11)"
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QIR
|

n+1 n+1 a

1= Y, (1 —mze)™ | [, (wls)”
p=1 p=1

PYFRSSWAR,, Ry, -+, Npyr) =

RIm
|

n+1 n+1 a

1= Dl (1= mze)™ | (D wm, (w)”
»=1 p=1

This completes the proof of Theorem 1.

Theorem 2 proves the idempotency of the PyFRSSWA operator.

Theorem 2: (Idempotency) Let9t, = ((ml“,u;‘}), (m;a,u;a)),p =1,2,-,¥Kare X PyFRVs and %, =

((fmla,u;?), (mle, e ) = ((mla,ula), (/m“a,u“a)) = N,Vp =1,2,-,K. Then
PYFRSSWA(Ry, T, -+, Ry) = ((ml, @), (m¥e, i) = ¢

Proof: Since 9t,, = ((mf;}u;‘}) (m;a,u;a ) = ((/mla,ula), (m”“,u“a)), then

PYFRSSWA(Ry, Ry, -+, Mye) = (N, N, -+, N)
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|
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|
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— ((mla’,ula)’ (mua,,uua))
This completes the proof.
Theorem 3: (Boundedness) Let i, = ((mla,u;;l), (m;a,u;a)), » =12,-,K are X PyFRVs and 9},
and N, are the smallest and the greatest PyFRV respectively. Then

N5, < PYFRSSWA(Ry, Ry, -+, Nge) < N
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Theorem 4: (Monotonicity) Let t,, = ((/mla,uf;), (m;a,/u,za)),p =12,,K and N, =
((/m;la, ulle), (mme, u;u“)) are two sets of PyFRVs and t,, < 9% Then

PYFRSSWA(Ry, My, -+, Nye) < PyFRSSWA(TY, NG, -, NY)
Equation 2 defines the PYFRSSWA operator based on the weighted average of PyFRVs. Next, we define the
PyFRSSWG operator based on the geometric mean of PyFRVs. In the following, Equation 3 defines the
PyFRSSWG operator.
Definition 9: Let ®,, = ((mf;uf;) (fm%a,u;“)) ,# =12,-,X are X PyFRVs and %, denotes the weight

of the pth PyFRV. Then

K
PyFRAAWG 9y, My, -+, Nye) = ® ‘Rf”
p=1

% @ x i 3)
D m (i) | 1= D (1 - wge)”
p=1 p=1
1 1

X a X a

W, (mue)” 1 W, (1 — uzwa)®

Z’(m#? r T ;p( —Up )
»=1 p=1

Some basic properties of the PyFRSSWG operator are stated below. The proofs of these properties are

excluded because they are simple as proved above.

Theorem 5: Let 9, = ((fmla, uld), (mf;,“,u;“)) ,# =1,2,---,% are K PyFRVs. Then PyFRV is obtained after

the aggregation from the PyFRSSWG operator and

x® % X é
Dom, () | (1= { D w1 - uga)”
p=1 »=1
PYFRAAWG (R, My, -+, Nye) =
% % X é
D om, () | 1= { ) w1 - we)”
p=1 »=1

Theorem 6: (Idempotency) Let 9, = ((/mla.’u;?), (”m;a.u;a)).z? =12,-,X are X PyFRVsand 9, =
((fm’a,uf;), (me, ue ) = ((fmla,ul“), (m”a,u”a)) = NVp=12-,%. Then

PYFRSSWG(Ry, T, -+, Ry) = ((ml%, l®), (m*%, 44%)) = ¢
Theorem 7: (Boundedness) Let 9, = ((fml“, uld), (/m;“,u;a)), p =12,-,% are X PyFRVs and 9%,

and SRf, are the smallest and the greatest PyFRV respectively. Then
N5, < PYFRSSWG(Ry, My, -+, Nyc) < N
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Theorem 8: (Monotonicity) Let t,, = ((/mla,uf;), (m;a,/u,za)),p =12,,K and N, =
((/m;la, ulle), (mme, u;u“)) are two sets of PyFRVs and t,, < 9% Then

PYFRSSWG(Ry, Ry, -+, Nye) < PyFRSSWG(NY, N, -+, NY,)

4| AMULTI-ATTRIBUTES DECISION-MAKING MADM APPROACH BASED ON
PROPOSED WORK AND APPLICATIONS

The MAGDM is a very significant procedure to select an alternative among the set of desirable
alternatives based on the opinions of some experts corresponding to attributes. A group of experts evaluates
each alternative based on some common attributes and give an opinion in the form of PyFRV for each
alternative corresponding to each attribute. The obtained information in the decision matrices from the
experts is aggregated by using their weights. Then the obtained aggregated information is aggregated for
the collective aggregated value of each alternative by using the provided weights of the attributes. The
MAGDM is a very useful technique in several fields. It is widely used in business, economics, mathematics,
engineering, and so on.

Assume {9,,9,,::-,9,} arer alternatives evaluated based on the attributes {f;,#,, :::, #}
by {21, 2Z;,+, 2y} experts having weights W, € [0,1] n = 1,2,-++, h such that Z’ﬁ=1 W, = 1. We want to select
the most suitable alternative among {91,9,, -**, 9, } with the help of the MAGDM. The steps for the selection

of an alternative are given below.
Step 1: The experts give an opinion in the form of the PyFRVs such that ((/ml“,u;f), (mf;,“,uy,“)).

Usually, there are different two types of attributes. If there exists a cost type attribute in the list of the

attributes, we take the compliment of that attribute which is called normalization such
that ((uf;}, %),(u}f“,m}f“ )

Step 2: The information in the matrices obtained after the normalization is ready to aggregate. We
utilize PyFRVSSWA/PyFRSSWG operator to aggregate the attribute individually. The aggregated decision
matrix is obtained as the result that has the information in the form of the PyFRVs for each alternative
corresponding to each attribute.

Step 3: We utilize PyFRSSWA/PyFRSSWG operator to aggregate the attributes collectively for each
alternative. We obtain the collective aggregated value in the form of the PyFRVs after the aggregation in
this step.

Step 4: Utilize the definition of the score function to find the score of each alternative.

Step 5: At last, we rank the alternatives with the help of the score values obtained for each alternative.

Example 1: Consider the company that wants to invest in the foreign stock exchange.  But,

investing, the company decides to evaluate possible risks in that sector. The company gives the
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responsibility to evaluate the possible risks to three experts E, (£ = 1,2,3) with weights (0.35,0.33,0.32)7.
Consider there are four possible risks &,(t = 1,2,3,4) where
Risk of commodities &;: The companies usually make a profit when the costs of the commodities fall and
vice versa. Hence, the cost of the commodities is an important factor in the foreign exchange business.
Legislative risk &,: The relations between the company and the government are very important for the
business. The policies and the rules made by the government affect businesses badly.
Interest rate risk &3: The variation in the interest rates also affects the investment in the stock exchange.
Hence, the investor should keep an eye on the variation in the interest rates.
Model risk &,: The formation of the business and economic model for investment is very important. The
wrong model for investment is a waste of investment and time. The risk factors are evaluated based on the
attributes with weights (0.21,0.29,0.23,0.2 7)T. The risk factors mentioned above are evaluated based on the
following attributes.
Previous record F;: Each risk factor is assessed based on its previous record history. Because the previous
record is very helpful to understand the behavior of that risk factor.
Expected period F,: Expected period for any risk is also very important and should be considered.
Expected rate of change F3: The expected rate of change is also an important attribute that affects the risk
factors.

Comparison with companies running in profit F,: Each risk factor is compared with some existing
companies running in profit.

Each alternative is evaluated based on the above-mentioned attributes by the experts. The experts
provide the information in the form of the PyFRVs. In the following, Tables 1,2, and 3 show the obtained
information from the experts.

Table 1: PyFRVs provided by expert e;

€ S, S3 S,y
mla | gua | gla | qua | e | gua | gla | qua | gie | gua | e | qua | gpule | e | yla | yua
F,1042|038(031]052|044|022|043|048|0.43|025|0.25|0.22|0.28|0.42 |0.32[0.35
F,1033(034(025(033|033|044|032]022|0.25]|022|044|054|031|0.22|0.25|0.33
F3|044 |033(022]033]032|038|022|036|0.44|044 |045|044|035|0.44 |0.22|0.22

F,1022(022(039]028]022|030|028]031|0.22]|033|025]|0.29 032|042 |0.32]0.35

Table 2: PyFRVs provided by expert e,

S, S, S3 S,y
ua ua mla mua ula uua mua ula uua mla mua
F,(1044| 022042021042 |022]032|041|033|041|035|031|0.33|041|0.22|0.35
F,|1022]044|042|0.22|041|033|031|044 |028|021]033]|033|044|033|0.31|0.22
F3|041]028]028]031]|031|044|044 028|044 |0.21|022|043|0.32|043|042|0.35

F,1022]041]041|031]021]029]|039|044 |023|033|0.21|043|0.35]|0.35|0.31]|0.41

ua
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Table 3: PyFRVs provided by expert e;

S,

S;3

la

mhe

la

ua

mhe

,ula

ua

la

mi®

ula

ua

la

mie

la

ua

0.33

0.33

0.42

0.42

0.33

0.44

0.32

0.33

0.29

0.22

0.42

0.35

0.46

0.32

0.38

0.22

0.22

0.44

0.33

0.33

0.42

0.41

0.21

0.22

0.42

0.44

0.45

0.42

0.33

0.41

0.41

0.33

0.41

0.42

0.42

0.42

0.22

0.22

0.31

0.41

0.38

0.41

0.41

0.22

0.27

0.36

0.33

0.44

0.29

0.44

0.25

0.29

0.33

0.33

0.44

0.34

0.41

0.41

0.39

0.44

0.22

0.44

0.36

0.41

Step 1,2: We always normalize the decision matrices in the case of the existence of the cost attribute. In

Tables 1,2 and 3, there does not exist any cost type attribute. Hence, we do not need normalization. So, we

utilize the PyFRSSWA and PyFRSSWG operators to aggregate the attributes individually for each risk

factor. The individual aggregated values of attributes from PyFRSSWA and PyFRSSWG operators are given

in Tables 4 and 5 respectively in the following.

Table 4: Individual aggregated values by PyYFRSSWA operator

S, S, €s 2
mbe | mua | yle | yua | gl | mue | 4la u¥e | mle | mua | yla u¥? | mla | mue | yle | yua
F10.39 031 [0.38 042 (0.32 .29 [0.36 041 (0.35 [0.29 (.27 [0.36 [0.35 [0.38 [0.31 [0.31
F2026 040 0.34 030 (042 .39 [0.28 (0.32 0.31 [0.29 [0.40 [0.44 [0.36 [0.32 0.33 [0.30
F3044 034 032 035 030 [0.35 [0.34 (0.35 (042 [0.36 [0.43 [0.43 [0.31 041 0.34 0.35
F4024 036 036 0.26 0.28 0.30 [0.37 0.37 0.29 (0.35 [0.31 [0.31 [0.30 [0.40 (0.33 [0.45
Table 5: Individual aggregated values by PyFRSSWG operator
S, S, S3 S,
mbe | mie | gle | vl | gmle | ke | o gle | gl | omle | omte | gle | gl | omle | mra | yla | gyua
F,]040|032)|038|039|040|032|035| 040|036 031|034 029037038 | 031|031
F,| 026|041 )|033]029 038|039 |028]|030|033|032|040| 043|036 | 033032029
F3|042|035)|030|035|029|037|032]| 035|042 038|036 | 037|031 | 041 | 032|033
F4|0241032)035]029|026|030|037| 036|031 035 028|038 | 030|040 | 0.32 | 0.38

Step 3: Tables 4 and 5 show the individual aggregated values of the attributes. Now, we need to

aggregate the values of the attributes collectively for each risk factor with the help of the PyYFRSSWA and

PyFRSSWG operators. Tables 6 and 7 show the collective aggregated values of the attributes obtained from

PyFRSSWA and PyFRSSWG operators respectively in the following.

Table 6: Collective aggregated values obtained by PyFRSSWA operator

S,

S,

S3

Sy

ua

la

ua

ua

la

ua

ua

m

u

m

u

m

ula

ua

mhe

ua

0.286

0.333

0.482

0.481

0.316

0.312

0.481

0.495

0.304

0.297

0.508

0.523

0.308

0.342

0.473

0.484
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Table 7: Collective aggregated values obtained by the PYFRSSWG operator

€, S, S | S,

mla mia ,ula uuae mla mia ,ula uua mla mia ula uua mla mua ula uua

0.4930.489|0.321 | 0.299 | 0.468 | 0.491 | 0.307 | 0.3324 | 0.501 | 0.488 | 0.321 | 0.347 | 0.473 | 0.296 | 0.515 | 0.307

Step 4: Tables 6 and 7 show the collective aggregated values obtained from PyFRSSWA and PyFRSSWG
operators. Based on the information provided in Tables 6 and 7, we calculate the score values provided in
Table 8 as follows.

Table 8: Score values obtained by PYFRSSWA and PYFRSSWG operators

Operator  [Score Values
PyFRSSWA | «(S,) = —0.067,14(S,) = —0.069,4(S;) = —0.087,1.(S,) = —0.061
PyFRSSWG u(S;) = 0.072,u(S,) = 0.065,1(S3) = 0.066,1(S,) = 0.076

Step 5: Based on the score values obtained in Table 8, we find the ranking of the risk factors and assess
the riskiest factor among the foreign stock market. The obtained ranking is provided in Table 9.

Table 9: Ranking of risk factors

Operator Ranking
PyFRSSWA Sy >6G; >6, >3
PyFRSSWG Gy >6 >6,>C,

The riskiest factors evaluated by using the PyFRSSWA and PyFRSSWG operators are S, and S,
respectively. The PyFRSWG operator is based on the geometric average of the information hence, the
PyFRSSWG operator is more reliable than the PyFRSSSWA operator.

4.1 | SENSITIVITY ANALYSIS

As it is clear that the SSTrM and SSTCrM consist of the parameter a due to which they become very
flexible and significant in handling fuzzy information. In our example, the value of parameter a = 3 is used.
However, the rank of the risk factors may be changed with the variation of the parameter. Hence, we study
the possible variation in the results obtained from both operators. In the following, Table 10 shows the
variation of the ranking in the results obtained from PyFRSSWA and PyFRSSWG operators with the
possible variation of the parameter a.

Table 10: Sensitivity analysis of PyYFRSSWA and PyFRSSWG operators

a [PyFRSSWA PyFRSSWG

2 Gy >6 >, >065 S >G>>G5>,
3 Gy >6 >, >065 Sy >6G; >, >G4
4 Gy >6 >, >G65 S >6, >G5 >6,
5 Gy >6 >, >065 S >6, >G5 >6,
6 Gy >6>6, >G65 S >6, >G5 >6,
7 Gy >6; >6, >G3 S >6,>65;>6,
8 Gy >6 >6, >G3 S >6,>65;>6,
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Sy > > 6, >G5

G, >, >6G3>6,

10

Gy =6, >6, > 6,

S, >6,>63>6,

15

Sy >G> 6, >G5

G, >, >G5 >6,

30

Sy >G>, >G5

S, >6,>65;>6,

40

Sy >6; >, >G5

S, >6,>65;>6,

50

Sy >G>, >G5

S, >6,>65;>6,

As is clear from Table 10, the riskiest factor obtained from the PyFRSSWA and PyFRSSWG operators
are S, and G, respectively at a = 3. However, we change the values of @ and observe the ranking at the
different values of a for both PyFRSSWA and PyFRSSWG operators. Interestingly, we get the same ranking
for each value of a. For better understanding, we plotted the sensitivity observation of PyFRSSWA and
PyFRSSWG operators in Figures 1 and 2 respectively. The ranking obtained by the PyFRSSWA operator at

the different values of « is plotted in Figure 1 as follows.
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Figure 1: Sensitivity analysis of PYFRSSWA operator

Figure 1 shows the ranking of the risk factors of the foreign stock market at the different values of a.
According to Figure 1, the riskiest factor for all values of a is ©,. However, it is also observed that with the
increasing value of a the PyYFRSSWA gives nearly equal score values and there is difficulty to distinguish
between risk factors which are limitations of the PYFRSSWA operator.

The ranking obtained from the PyFRSSWG operator at the different values of a is plotted in Figure 2

as follows.
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Figure 2: Sensitivity analysis of IRAAWG operator

It is clear from Figure 2 that the ranking obtained from the PyFRSSWG operator remains the same at
all the values of a. However, some different rankings of the risk factors are observed at the values of a
greater than 20. Hence, we recommend the decision maker use the value a < 20 for better and fair results.

4.2 | COMPARATIVE ANALYSIS

[20] developed the IFR weighted averaging (IFRWA) and IFR weighted geometric IFRWG) operators
and applied them to solve the MAGDM problem. Further, [19] developed IFR Frank weighted averaging
(IFRFWA) and geometric IFRFWG) operators and solved the MAGDM problem. Some other contributions
towards the solution of the MAGDM problem are made by [5], [32], and [33]. In the following, Table 11
shows the comparison between the AOs defined in[19], [20], [5], [32], and [33] with the developed
PyFRSSWA and PyFRSSWG operators.

Table 11: Comparative study of PYFRSSWA and PyFRSSWG operators

Operator Score Values
PyFRSSWA G, >6; >6, > G,
PyFRSSWG Cy>6>6,>C;

IFFRWA Failed

IFRWG Failed

IFRFWA Failed

IFRFWG Failed

AOQOs in [5] Not applicable
AOQOs in [32] Not applicable
AOQOs in [33] Not applicable

It is clear from Table 11 that the riskiest factor obtained from all the developed averaging operators
is 4. Additionally, the riskiest factor obtained from all the developed geometric AOs is G,. The IFRWA,
IFRWG, IFRFWA, and IFRFWG operators cannot deal with the information in the form of the PyFRVs. It is

also noted that the AOs introduced in [5], [32], and [33] are unable to entertain the information in the form
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of the PyFRVs. In the following, Figure 3 is plotted for a better understanding of the comparison of existing
AOs with the PyFRSSWA and PyFRSSWG operators respectively.
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0.60000
0.40000
0.20000

0.00000
PyFRSSWA PErRSSWG  IFRWA IFRWG IFRFWG IFRFWA

-0.20000
-0.40000
-0.60000
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Figure 3: Comparison of existing AOs with PyYFRSSWA and PyFRSSWG operators

5 1| CONCLUSION

In this article, PyFRSSWA and PyFRSSWG operators have been developed to entertain the information
in the form of PyFRVs based on SSTrM and SSTCrM. Some basic properties of the developed AOs have
been investigated. The problem of MAGDM has been solved with the help of the developed AOs. In
addition, the obtained results are observed at the different values of the parameter involved in SSTrM and
SSTCrM and then results have also been compared with the existing techniques for significance. The
developed PyFRSSWA and PyFRSSWG operators have been found significant because the SSTrM and
SSTCrM are very flexible operational laws for fuzzy information. SSTrM and SSTCrM provide the flexibility
to the decision makers to select the value of the parameter of their own choice. Furthermore, the PyFRS is
the framework that is the bridge between PyFS and the RS and hence is a very significant technique to solve
decision-making problems. PyFRS aggregates the information at the initial stages and then the information
in the form of the PyFRVs is further aggregated by the PyFRSSWA and PyFRSSWG operators.
Consequently, the results obtained are more optimized and reliable than the other operators and
frameworks. In the future, we aim to extend the developed approach to the framework defined in [34]. The

developed method can also be applied to the framework defined in [35], [36].
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