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1 | INTRODUCTION

ABSTRACT

This work aims to present some new aggregation operators (AOs) by
generalizing the theory of Schweizer-Sklar (SS) aggregation tools. The
picture fuzzy set (PFS) is the modified version of intuitionistic fuzzy sets and
fuzzy sets. The PFS can handle such situations with three components of
human opinion to mitigate the impact of insufficient information on human
opinions. By utilizing concepts of prioritization, several mathematicians
proposed different AOs. Some realistic operations of SS are presented under
the picture fuzzy (PF) information system. We develop a class of new
approaches based on picture fuzzy information, including picture fuzzy
Schweizer-Sklar prioritized average (PFSSPA) and picture fuzzy Schweizer-
Sklar prioritized geometric (PFSSPG) operators. Moreover, we also proposed
a series of AOs with specific degrees of weights, such as picture fuzzy
Schweizer-Sklar prioritized weighted average (PFSSPWA) and picture fuzzy
Schweizer-Sklar prioritized weighted geometric (PFSSPWG) operators.
Some realistic characteristics and special cases of currently developed
approaches are also presented. To demonstrate the solution to complicated
real-life problems, an algorithm for the MADM problem is established under
a system of picture-fuzzy information. To check the potential of proposed
aggregation approaches, we gave a numerical example to select desirable
optimal options by using invented approaches. To reveal the flexibility and
applicability of invented approaches, sensitive analysis, and comparative
analysis are illustrated by contrasting the findings of existing approaches

with currently developed approaches.

Keywords: Picture fuzzy values, Aggregation operators, Schweizer Sklar

aggregation tools, and decision-making process.

By considering preference values offered by experts based on attribute values, multi-attribute decision-
making (MADM) challenges primarily affect the evaluation or derivation of the best form of the limited
preference. However, due to the fuzziness and complexity of real-world decision-making (DM) issues,
experts have a hard time giving concrete numerical representations of people's preferences. To solve the
aforementioned problem, Zadeh [1] revised and expanded classical set theory and developed the concept

of the fuzzy set (FS). Some experts have displayed and used FS in the surroundings of many fields due to
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its valuable verity and prominent form. FS is the generalization of a crisp set in which an element can be a
member of a universal set or not. Many mathematicians have used the idea of FS in various situations, for
example [2], pattern recognition [3], and medical diagnosis [4]. The ideology of FS consists of only one grade,
named membership grade (MG), and is defined on a universal set with the restriction to the unit
interval [0, 1]. However, it is not sufficient to only discuss the MG as human opinion is not unidirectional.
It may be the opposite of some ideas. It is necessary to adjust the non-membership grade (NMG).
Information is presented in the form of MG and NMG in many valuable and practical contexts. To overcome
this problem, Atanassov [5] included the NMG grade into the FS framework, which is named the
intuitionistic fuzzy set (IFS) technique. The defining feature of IF information is expressed by ((68),b(8))
where the terms$(8) and b(8) represent the MG and NMG. If information is handled extremely
conveniently, even when dealing with an issue that FSs cannot give. Additionally, many researchers have
made numerous applications in varied and useful disciplines, such as the derivation of several distance-
measure-based IF information by Chen et al. [6], Li et al. [7] put forward the theory of Choquet integral-
based IF aggregation operators (AOs). Hung and Yang [8] defined similarity measures of IFS based on
Hausdorff distance. After studying IFS’s fundamental ideas, Atanassov generalized the MD and NMD to
interval numbers. Atanassov [9] introduced interval-valued (IV) IFS (IVIFS) and established its operational
principles and comparison techniques. An IFS cannot deal with all the issues when the sum of MG and
NMG exceeds the limits of the unit interval. For example, if the value of MG is 0.7 and NMG is 0.5, then
their sum is 0.7 + 0.5 = 1.2 exceeding the limit of IFS.

To overcome these issues, Yager [10] gave the idea of the Pythagorean fuzzy set (PyFS) that deals with
ambiguous data in various fuzzy environments and deals with the problems in a better way than IFS. A
PyFS has the condition £%(8) + b2(8) which is more general than IFS and easy to tackle the problems faced
during IFS. Hussain et al. [11] worked on the PyF soft set and described their application in DM. Peng et al.
[12] developed PyF soft and explained their application. Some cases arise when PyFS fails as the
condition 52(8) + b2(B) does not meet the required data, for instance, if MG is 0.8 and NMG is 0.9. After
applying the PyFS condition (0.8)? + (0.9)? = 1.45 ¢ [0,1] which does not meet the restriction of PyFS.
Yager [13] proposed a robust theory of gq-rung orthopair fuzzy set (q-ROFS) by the relaxing condition of
PyFSs with the sum of q" power of the MG and NMG bounded on [0, 1]. Later on, Ali et al. [14] put forward
the theory of q-ROFS to handle vague information about human opinions. The mathematical structure of
the g-ROFS is as follows 59(8) + b9(6),V,q € Z*. Wang et al. [15] viewed some similarity measures based
on the cosine function for q-ROFS and found their applications. Tian et al. [16] extended a novel approach
of the g-rung orthopair fuzzy system to select a suitable green supplier enterprise with an advanced decision
making procedure. Liu et al. [17] also proposed cosine similarity measures and some distance measures
between g-ROFS. According to the findings of the preceding investigations, all the above-mentioned

decision-making and aggregation operators (AOs) fall within the purview of the IFS or IVIF set theories.
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Although these theories have been effectively utilized in a variety of fields, certain real-world circumstances
cannot be described by IESs. For example, in the case of voting, human views include more yes, abstain, no,
and refuse responses, which cannot be effectively represented in IFSs. Also, if an expert solicits an opinion
from a specific individual concerning a specific thing, a person may respond that 0.3 indicates the
probability that the statement is true, 0.4 indicates that the statement is untrue, and 0.2 indicates that he or
she is unsure. This is also not addressed by the FSs or IFSs. Cuong [18] introduced the ideology of a picture
fuzzy set (PFS) by generalizing the idea of an IFS. Cuong and Pham [19] developed some fuzzy logic
operators for PFS. Datta and Ganju [20] acknowledged some new aspects of PFS. Cuong [21] made a
representable classification of the t-norm for PFS. Garg [22] developed AOs for PFS using the multi-criteria
DM technique. Ahmad and Dai [23] proposed PF rough sets and rough PFSs and found their applications.
Hussain et al. [24] elaborated the g-rung orthopair fuzzy structure theory to reduce the sparking rate
between wires crossing in a grid station. Khan et al. [25] projected a generalized PF soft set and found their
uses in decision support systems. Boran and Akay [26] extended the theory of similarity measures based on
intuitionistic fuzzy information to reduce the influence of incomplete information on human opinions.
Senapati et al. [27]-[29] extended the theoretic concepts of triangular norms aggregation tools and
developed a class of new approaches for solving real-life applications.

Some particular properties of Hamacher aggregation tools explored based on Pythagorean fuzzy
information proposed and suggested a class of new approaches by Lu et al. [30]. Riaz et al. [31] discussed
an application for sustainable energy resources and classified different characteristics of q-ROF information.
Liu and Jiang [32] discussed some realistic aggregation tools to express distance among different objects by
extending the concepts of IFSs with interval-valued intuitionistic fuzzy information. The decision making
process and some robust mathematical approaches under a system of g-rung orthopair fuzzy situations
presented by Riaz et al. [33]. Liu and Gao [34] utilized appropriate features of McLaurin symmetric mean
operators and developed a class of new approaches to handle unpredictable situations. Due to fluctuations
in the prices of fuel and gas, there are many advantages of electric vehicles, Zhao and Li [35] introduced a
robust aggregation model to choose a reliable electric motor car under a system of decision making process.
Several mathematicians demonstrated numerous aggregation models under consideration of different
fuzzy domains.

The concepts of Schweizer-Sklar aggregation tools were given by Schweizer-Sklar [36] in 1960. These
aggregation tools are more flexible and enable the provision of authentic information during the decision-
making process. By using some reliable characters of Schweizer-Sklar aggregation tools, several
mathematicians anticipated different aggregation models based on different fuzzy circumstances. For
instance, Garg et al. [37] illustrated a series of new aggregation approaches by using basic Hamacher

aggregation tools' basic operations under intuitionistic fuzzy information. Correlation among different
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input arguments is expressed by utilizing characteristics of Schweizer-Sklar aggregation tools, Khan et al.
[38] classified a class of new approaches based on intuitionistic fuzzy information. A novel approach to the
decision-making process under the system of interval-valued intuitionistic fuzzy information was
developed by Zhang [39]. We also studied some robust characteristics and features of Schweizer-Sklar
aggregation tools under different fuzzy circumstances seen in references [40]-[42].

The PFS contains extensive information about an object with three components of human opinions and
can deal with unpredictable information about human opinions. Sometimes decision makers face a few
difficulties during the decision process. The concepts of prioritization among different attributes make
decisions easy for a decision-maker. The main objectives and contributions of this research work are
organized as follows:

i.  To discuss the notion of PFS with appropriate characteristics of PF information.

ii.  Some reliable operations of Schweizer-Sklar aggregation tools are presented under the system of PF
information.

iii. By utilizing the concepts of prioritization among different attributes, we developed a class of new
approaches like PESSPA, PFSSPG, PESSPWA, and PFSSPWG operators.

iv.  To show the effectiveness and reliability of developed approaches, some realistic features and
characteristics are also expressed.

v.  To resolve some complicated challenges of real-life situations, we demonstrate an algorithm of the
MAMD problem under consideration of our developed methodologies.

vi.  The setting of different parametric values of the Schweizer-Sklar aggregation tools discusses the

advantages and applicability of invented approaches.

The structure of this article is organized as follows: Section 2 exposed basic concepts of PFSs with some
fundamental rules, which are necessary for the development of this research work. Some reliable operations
of the Schweizer-Sklar aggregation tools are proposed in section 3. A class of new approaches using basic
operations of Schweizer-Sklar aggregation tools, including PFSSPA and PFSSPG operators presented in
section 4. Section 5 covered a class of new approaches based on PF information like PFSSPWA and
PFSSPWG operators. An algorithm of the MADM problem and a numerical example are illustrated to
choose a suitable optimal option during the decision-making process in section 6. Some remarkable
comments summarized the complete research work in section 7.

2 | PRELIAMINARIES

In this section, we have improved the quality of certain current data. To generate novel concepts and
insightful hypotheses, we first define elementary definitions of IFS and PFS and revise the idea of prioritized
AO.

Definition 1: [5] Let an IFS T on a universal set R is expressed as follows:
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T = {(8,5:(8), b:(8))|6 € R}

Where b5(8):R — [0,1] denotes the MG and bz(8) denotes NMG of 8 in R, respectively. An IFS must

satisfy the following conditions:
0<%b;(8)+bz(B) <1
Definition 2: [43] Let a PFS T on a universal set R is expressed as follows:
T = {(8,1+(8), 4z(6), bx(8))|8 € R}
Where b3(8): R - [0,1], Y£(8):R — [0,1], and b4(B): R — [0,1] denote the MG, the AG, and the NMG of 8
in R, respectively. A PFS must satisfy the following conditions:
0<Bp(8)+4Yg(B) +b5(B) <1
Furthermore, the refusal grade is indicated by (Z=(1 — ('laT (8) + 4(8) + bT(6))) and a triplet X =
('bT(G), Y. (8), BT(G)) is known as picture fuzzy value (PFV).
Definition 3: [44] For any X = ('hT(G), l+IT(6),E>T(6)) PFV, we can find the score function and accuracy
function in the following way:
CR) = %(2 + by — Yy — by), C(R) € [0,1]
Similarly, accuracy functions can also be found as:
A = %(2 + By + Yz + by), A(R) € [0,1]

Definition 4: For any two X; = ('th (8), g, (8), by, (6)) and R, = (']5?2 (6),4s,(8), by, (6)) PFVs. By using
score values defined in Definition 3, we can compare which PFV is superior to the other in the following
way:

C(Ry) > ¢(X,) then, X; > X,

®(X) < ®(X,) then, X; < X,

If ®(R,) = C(XR,) then,

A(R,) > A(R,) then, 8; > X,

A(R,) < A(R,) then, 8; < X,
Definition 5: [45] Let ¢ = ((Zl, ¢, ---ﬁs,) be a class of attributes, prioritization among different attributes
expressed by linear ordering £, > £, >, ..., £, such that {; has higher preferences {; as k < j. The prioritized

averaging (PA) operator is defined as follow:

3
PA(Ly, s, .., ) = Z Gy,
P=1

Remember that € = Z”‘L' & = HE;% @(Nk),P = 2,3,...,4. The initial values are &; = 1 and Q(Nk) denotes
Ep

P=1

score values of k' PFVs. Then, PA is called the prioritized averaging (PA) operator.
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3 | BASIC OPERATIONS OF SCHWEIZER-SKLAR AGGREGAITON TOOLS BASED ON PF
INFORMAITON
Schweizer-Sklar operations contain Schweizer-Sklar product and sum, which are the special cases of
algebraic t-norm and t-conorm, respectively. These norms are chosen to represent the intersection and union
of two PFS.
Definition 6: [36] Let A = (b4,Y,4,b4) and B = (bp, Y, bp) be the two PFVs, then generalized intersection

and union is defined as:
Ay B = {(8,T(54(8),55(8)), T* (44(8), 45(8)), T*(b4(8), b5(8)) ) 18 € R}

AUz B ={(6,T*(£4(8), 55(8)), T(U(6), 45(8)), T(b4(8), b5(6))) |6 € R}
Where T and T* denote the t-norm and t-conorm, respectively. However, Schweizer-Sklar t-norm and t-

conorm (SSTT) are defined as:
1
Tsse(x,y) = (x( +y5 - 1){

1
T*ss¢(x,y) =1— ((1 —x)+(1—-y) - 1)(

Where { <0 and (x,y) € [0,1]. Furthermore, when{ =0 then, T¢(x,y) = xy and T*;(x,y) = x +y — xy.

These are algebraic t-norm and t-conorm (ATT), respectively.

Based on SST, we can write some SS operations for PFVs.
Definition 7: [46] Let 8, = ('lsT1 (6),Ys, (6),15:;1(6)) and N, = ("lst (8), Yy, (8), by, (8)) be the two PFVs. Based

on these PFVs, we derive some fundamental Schweizer-Sklar (SS) operational laws, such as:

1= ((1=3) + (1 by, - 1)%,

i. Nl @ NZ = 1 1
(4, + 4§, — )%, (bf, + B, — 1)
1
(B%, + BE, — 1)F,
1
i X @ = 1 (1) (14 - 1),

I~

1= ((1=br) + (1-bg) - 1)

i, N, = 1—(6(1—15T1)¢—(c—1))'%,(@1%1—(5—1))@,(@%—(5—1})@

v. X5 =( (o8, —@-D)1- (((1 —up ) - (g 1)>Z,1 - <((1 —br ) = (¢ - 1))’Z

4 | PICTURE FUZZY SCHWEIZER-SKLAR PRIORITIZED AGGREGATION OPERATORS
In this section, we developed a class of new approaches based on PF information such as PFSSPA and

PFSSPWA operators, with some notable characteristics.
Definition 7: Let Ny = (']3?? (8), Yy, (6),BT?(6)),P =1,2,3,..,8 be the collection of PFVs. Then, PF

Schweizer-Sklar Prioritized Averaging (PFSSPA) is defined as:
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n

PFSSPA(Ry, Xy, ..., Rg) = €Ny, @ GoNy, @ .. D EgRy, = _1G?NT?

P

Remember that Gz = Z%L' & = Hi;} Q(Nk),k = 2,3,...,4. The initial values are & = 1 and Q(Nk) denotes
Ep

P=1

score values of kt" PFVs.

Theorem 1: Let Xy = ('}3??(6),“1?? (8), by, (6)) ,B=1,2,3,...,4 be the collection of PFVs. Then, PFSSPA can

be proved as follows:

1
Z

5 5
1- 26?(1—13TP)¢—2@?+1 ,
P=1 P=1

1
3 3 i /3 3
2@9{%—2@,,“ ) Ze?bg?—z:@?ﬂ
P=1 P=1 P=1 P=1

Proof: Let Xy = (']?,TP(B), Yg, (8), BT?(B)),P =1,2,3,... ,8 be the collection of PFVs. Then, PFSSPA can be

PFSSPA(Ry, Ry, ..., Rg) = 1
¢

proved using the technique of mathematical induction.

First, we suppose that the above equation is true for # = 2. Therefore,

1
7 1
1- (@1(1 —br,)" = (6 - 1)> (€95, — @ - D)F, (€, — (6 - D)

-

€Ny

SV

1 1
6N, = 1- (@2(1 — )" — (6 — 1)) (€248, - (€ — )", (€05, — (6, — D))"

PFSSPA(Nl,Nz) = szz @ szz

1 1
1— <el(1 — 4y, )" — (6 — 1))’%, 1— <(EZ(1 —#y,) = (6, — 1)>¢,

— 1 o) 1

(€45, - @ - )", (€45, - @ - )",

(€%, - @ - D) (€205, - (6 - D)

PFSSPA(R,, X,)

1\ ¢ 1\ £ %
1—|{1= 1—((51(1—15T1)’Z—((51—1))’Z +l1- 1—(@2(1—1~,T2)"Z—((52—1))‘(Z 1,

((eﬂ% - (6 - 1))”) + ((@2‘»1%2 - (6, - 1))’Z> -1,

((elbﬁl - (6 - 1))¢) + ((GZB%Z - (€, - 1))”) -1
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1 [
¢

SV

(((ﬁlqgl - (6 -1)+ ((ﬁzqu - (6 -1)- 1)

((elbﬁl — (€, - 1)) + (ezbgz — (€, — 1)) - 1)

)

S

1\ # 12

7 7
|- <GI(1—15T1)’Z—(@1—1)) + <ez(1—th)’z—(@2—1)> 1],

1
(€45, — G +1+69% — 6 +1-1)% (G,bf, — G +1+b95 — G +1—

PFSSPA(R,,R,) =

S

’

\ (6,45, + 6,45 — 6 — G, +1)

1
(€,bf, + G,b%, — G — €, + 1)°

S

)

1—(6(1—br,) + €(1—5,) — G +1- € +1-1)

S

PFSSPA(R1,X;) = k (6,95, + 6% — € — G, +1)

-

/A /A
1- (61(1 —bp,) +6y(1—by) — G — 6, + 1)

)

PFSSPA(R,, &,) =

S

(6,4, + €95, — € — G, + 1)

)

S

(€,b%, + G,b% — G — G, + 1)

-

2 2
1—(26?(1—15T?)¢—Z(E?+1> ,
P=1 P=1
1
2 2 i
PFSSPA(R,,®;) = (Z GpYif, — Z Gp + 1) :

P=1 P=1
1
2 2 7
(Z Gpbt, — Z Gp + 1)
P=1 P=1

For P = 2, we proved that it is true. Further, we suppose that it holds for # = k.

1
1- 1—1+(@1(1—15T1)¢—(@1—1)) + 1—1+<GZ(1—15T2)¢—((EZ—1))¢

1
[

1)

1
g
1— ((@1(1 )+ 61— b)) — (€ — 1) — (€ — 1) — 1)> ,

1
(€,bf, + G,b%, — G — €, + 1)F )

S

[

-1

SV

)
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SV

k k
1- Z@?(l_%)ﬂ_z@”l ,
P=1 P=1

K Kk
PFSSPA(Ry, Ry, ..., Ry ) = Z Gpus, — Z G+ 1
P=1 P=1

SV

1
Z

k k
2@?15%?—2@?“
P=1 P=1

Now, we are to prove that it is also true for # = k + 1, such that:
k
PFSSPA(Ry, Ry, ..., Riyq) = G Xy, @ GRp, @ ... D G Ry, D Gy 1Ny, =Pe_91 G Ny, D Gir1Ny,,,

K
:?ezal GPNT? @ Gk+1NTk+1

1
k k A
1- ZG?(l—'lsT?)Q—ZG?+1 , 1
= — ¢ A
P=1 P=1 ) 1 - <Gk.+1(1 - 'th+1) - (Gk+1 + 1)> ]
K k [ 1
= ¢ _ o) [
Z CpYy, 2 G+1], (Gk,ﬂqgkﬂ - (Gk+1 + 1)> ,
P=1 P=1 1
1 p 7
K K 7 Gir1b%,,, — (Ger + 1)
ZG?Bg?—ZG?+ 1
P=1 P=1
1 1
k+1 k+1 7 k+1 k+1 7
1- Z@?@—M?)YZ—Z@H , Z@?n{%?—Ze?ﬂ ,
P=1 P=1 P=1 P=1
PFSSPA(Ry, 8y, .o, Riy1) = 1
k+1 k+1 7

ZG?BgP—Z(E?+1
P=1 P=1

Proposition 1: Let Ny, = ("BT?,‘*IT?,B??), P=1,2,3,..,48 be the collection of any identical PFVs, that is Ny, =

X. Then, we can say that:
PFSSPA(Ry, X, ..., Rg) = X
Proof: Since Ny = ('ET?, Ug,, B??) be the collection of PFVs. So,

L) L) %

1- ZG?(1—J5??)“Z—Z@?+1 ,
P=1 P=1

PFSSPA(Ry, Xy, .., Rg) = 1
3 [

1

8 8 /A 8
Z(E?ﬁ{g?—Z(E?+1 , ZG?bﬁ?—Z@?H
P=1 P=1 P=1 P=1
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¢

3 3
1— Z@?(l—'h?)”z—zﬁ?ﬂ )
P=1 P=1

1
8 8 7 /3 8
ZG?H§—26P+1 ) ZGPB§—26P+1
P=1 P=1 P=1 P=1

1 1 1
PFSSPA(Ry, Ry, ..., Ry) = (1 —(A—bp)f—14+1)% (W5 —1+1)% (bf— 1+ 1)”) AsYS_ G =1

[

PFSSPA(Ry, 8y, ..., Rg) = (1 -(a- 15?)’2)%, (qg)%, (bg)%> = Ry
Hence, it is obvious that the property holds.
Proposition 2: Let Xp = ('laT?, Yy, bT?) and N = ('13%?, "I’T?, BQF?) be the two sets of PFVs. Then, the property of
boundedness is given as:
PFSSPA(Ry, Ry, ..., Rg) < PFSSPA(R], XY, ..., Xy)
Proof: As Ry = (13T?, Yz, BT?) and Ny = ("]?,’TP, I+I’T?,15’T?) B,P' =1,2,3,..., 4 be the collection of two PFVs. Then,
we prove this inequality using Theorem 1. Assume that if Xy = ("ET?,“I??,BT?) <Ny = (t’TP, "I’TP,B’T?) that

is by, < by, Uy, = Y5, and by, = by, Then, using the following steps
) 3

by, B o 1—by, > 11— = (1—bp,) > (1-45,)" = Z Gp(1—by,)" > Z Gp(1— b, )"
P=1 P=1

8 8 4 8
zZG?(l—tTP)z—Z(E?+1ZZG?(l—ia’T?)‘Z—Z(E?+1
p=1 P=1 P=1 P=1
1
3 8 4 8
5 Ze?(1—1aTP)“—2@?+1 > 2@?(1—15%)%—2@?“
P=1 P=1 P=1 P=1

7
) ) ) )

-1- ZG?@—JE.T?)“Z—Z@?H <1- Ze?@—t;?)”—z:@?ﬂ
P=1 P=1 P=1 P=1

Now, undertake that Yy, > "l’??. Then,

5 3 5 5 3 3
g, > = g, > U, zze?u{g zZ@?wﬁ :2@?%—2(&?“ ZZ@?Wﬁ—Z@?+ 1
P=1 P=1 P=1 P=1 P=1 P=1
1

1 1
8 8 7 /s 5
> Ze?q§—26?+1 > Z@?WE—Z@?+1
= p=1 P=1 P=1

¢
Similarly, in the same way:

[

1 1
Z £

1

8 8 ¢ ) )
ZG?B§—26?+1 > ZG?B’§—26?+1
P=1 P=1 P=1 P=1

From the above discussion, it is proven that:

1
Z



Acaderlieians-Gate RA:,

PFSSPA(Xy, Ry, ..., Ry) < PFSSPA(R}, Xy, ..., Rf)
Proposition 3: Let Xy = ('ETP, Ye,, bT?): P=1,2,3,..,4 be the collection of PFVs. Let 8y =
(mim"lsT?, maxi‘*{T?,maxibT?) and Xj = (maxi']sT?,mini‘*lT?,minibT?). Then,
X7 < PFSSPA(Ry, Ry, ..., R) < 8

Proof: Let PFSSPA(Ry, Ry, ..., Rg) < PFSSPA(RY, X3, ..., R}) = R} and PFSSPA(Ry, Xy, ..., Xg) =
PFSSPA(X{,R3, ..., Xy ) = Ry. Then,

It is obvious that:

X7 < PFSSPA(R, Ry, ..., Xy) < Rf Holds.
Definition 8: Let X¢ = (bs,, Yz, bz, ), P = 1,2,3, ..., § be the collection of PFVs with corresponding weight

vector Y = (1,94, ., 1,[1%) and Y, € [0, 1] such that Z§=1 Yp. The PESSPWA operator is defined as follows:
3
PFSSPWA(Ry, Xy, ..., Rg) = F1 Ry, @ FoRg, @ ... D FyRy, = 9 oy,

Remember that Cp = 2*%;1?2 ,&p = Hi;% @(Nk),k =2,3,..,8. The initial values ares; =1 and Q(Nk)
p=1 F PP

denotes score values of kt"* PFVs.
Theorem 2: Let Ny = (']?,TP(G),"ITP (8), by, (6)),? =1,2,3,...,8 be the collection of PFVs. Then, PESSPWA is
be proved as:

1
[

8 8
1- ch:?(1—-hT?)”Z—ch:?+1 ,
P=1 P=1

1

8 ) 4 8 8
Z(S?ﬁlﬁ?—Z(i?+1 , ZG?B;%P—Z@?H
P=1 P=1 P=1 P=1

PFSSPWA(Ry, 8y, ..., Rg) = 1
¢

Proposition 4: Let Ry, = ('ET?,"IT?,bT?), P =1,2,3,..., 4 be the collection of any identical PFVs, that is X, =
X. Then, we can say that:
PFSSPWA(Ry, X, .., Rg) = X

Proposition 5: Let Rp = (by,, Y5, by, ) and 8p = (']5’??, Y, b’??) be the two sets of PFVs. Then, the property of
boundedness is given as:

PFSSPWA(Ry, Ry, ..., Rg) < PESSPWA(RY, RY, ..., Xy)
Proposition 6: Let Xy = ('laT?, Ye,, BT?), P=1,2,3,...,4 be the collection of PFVs. Let 8y =
(min'laT?, max"lT?,maxBT?) and Rf = (max']aT?, min"{T?,mianP). Then,

Ry < PFSSPWA(R,, Ry, ..., Rg) < &



P M\ caderlieians-Gate

5 | PICTURE FUZZY SCHWEIZER-SKLAR PRIORITIZED GEOMETRIC AGGREGATION
OPERATORS
In this section, we presented a series of new approaches with specific degrees of weights, like PESSPG

and PFSSPWG operators.
Definition 9: Let Xy = ('ET?(G),‘JT?(G),bT?(S)),P= 1,2,3,...,84 be the collection of PFVs. Then, PF

Schweizer-Sklar prioritized geometric (PFSSPG) is defined as:
_ €1 € GAX _ 4 Gp
PFSSPG(Ry, Ry, .., Rg) = Ry QX2 ® .. ® Ry, = ® Ny
Remember that Gz = Z;—:, & = Hi;i Q(Nk),k = 2,3,...,4. The initial values are & = 1 and Q(Nk) denotes
id

P=1

score values of k" PFVs.

Theorem 3: Let Xy = ('BTP, Ye,, bT?),P =1,2,3,..., 8 be the collection of PFVs. Then, PFSSPA is proved as:

1
Z

3 3
Derdh, - > e+t
P=1 P=1

8 )
PFSSPG(Ry, Ry, .., Rg) = 1 Z%(l—“%)ﬂ—z@?“ )
P=1 P=1

iS5

S

8 8
1- ZGP(l—B??)ﬂ—ZG?+ 1
P=1 P=1

Proposition 7: Let X, = ('BT?,“IT?,BT?), P =1,2,3,..., 4 be the collection of any identical PFVs, that is X, =
X. Then, we can say that:
PFSSPG(Ry, Ry, ..., Rg) = X
Proposition 8: Let Rp = (by,, Yg,, by, ) and 8p = (']5’??, Y, b’??) be the two sets of PFVs. Then, the property of
boundedness is given as:
PFSSPG(Ry, Ry, ..., Rg) < PFSSPG(Xq, R}, ..., RY)
Proposition 9: Let Xy = ('laT?, Ye,, bTP), P=1,2,3,...,4 be the collection of PFVs. Let 8y =
(miin by, max Uy, , max bT?) and 8f = (mlax by, , miin YUe, , miin bTP). Then,
X7 < PFSSPG(Ry, 8y, ..., Rg) < 8f
Definition 11: Let Xy = ('laT?, YUe,, bT?), P=1,23,..,4 be the collection of PFVs with corresponding weight
vector P = (1,[}1, Yy, s 1,[}%) and Y; € [0, 1] such that Zgzl Y. Then, PF Schweizer-Sklar prioritized weighted
geometric (PFSSPWG) can be defined as:

3
(0¥
PFSSPWG(Ry, R, .., Rg) = R @ Ry © .. @ Ky =® Kyt

Remember that Cp = Z%wi‘;?g ,Ep = Hi;} @(Nk),k =2,3,...,8. The initial values areg; =1 and Q‘(Nk)
p=1r PP

denotes score values of k* PFVs.
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Theorem 4: Let X = (”hT?(G),“I?? (6),5?? (6)),P =1,2,3,...,4 be the collection of PFVs. Then, PFSSPWG is

be proved as:

1
3 3 7
Do, - ) Gt
P=1 P=1
1
3 3 ¢
PFSSPWG(Ry, Ry, ..., Rg) =| 1 _ G (1—Yg,)" — Z Co+1]
P=1 P=1
1
]

8 8
1- Z(SP(l—bT?)ﬂ—Z(SP+1
P=1 P=1

Proposition 10: Let X¢, = ('hT?, “lT?,bT?), P =1,2,3,..., 4 be the collection of any identical PFVs, that is ¥, =
X. Then, we can say that:
PFSSPWG(Ry, Ry, ..., Rg) = X

Proposition 11: Let Xp = ('BT?, Yy, bT?) and N = ('laip?, "I’T?, B’??) be the two sets of PFVs. Then, the property
of boundedness is given as:

PFSSPWG(Ry, Ry, ..., Rg) < PFSSPWG(R}, R, ..., Kf)
Proposition 12: Let 8y = ('BT?, Ue,, bT?),P =1,2,3,..., 4 be the collection of PFVs. Let 87 =
(min by, , max Yy, , max bTP) and X = (max by, , min Yy, , min pr)- Then,

Ry < PFSSPWG(8;, Xy, ..., Ry) < RF

6 | ASSESSMENT OF MADM PROBLEM BASED ON PICTURE FUZZY INFORMATION

MADM is a decision-making approach that evaluates and compares multiple choices based on a set of
criteria or attributes. It is often used to help decision-making processes in fields such as business,
engineering, and project management. Each alternative in MADM is evaluated and graded based on its
performance across multiple parameters. The characteristics might be quantitative (cost, reliability, and
size) or qualitative (quality, dependability, and user happiness). The purpose is to choose the best option or
to rank the alternatives in order of preference based on the relative value of the features. In this study, we
develop an algorithm for the MADM problem under consideration of PF information. Assume k& =
(B1,B1, -, 5,) shows the class of alternatives and a set of attributes h = (Bq, By, ..., By) with their
corresponding weight vectors Y = (¥1,¥, ..., ) and Y € [0,1] such that Zizll/)?. The decision maker

constructs a decision matrix to cover PF information. A decision matrix R = (an) iy is organized as follows:
nxn

(b1, Y11, b11)  (Bio Mazb1a) o (Bys, Yas, bin)
R=(Y,,) = (b21, Ya1,b21)  (B2z Yoz ba2) -+ (ban, Man ban)
MR/ pxn : : . :

(tnli I'lnli Bnl) (thJ ('{nZ' an) : (tnﬁ: an’l' Bnh)
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In this decision matrix, ('ls ‘ilnp,b,m) denotes the value of PFV, ,, € [0,1], 4,, € [0,1] and b, € [0,1]

R’
such that 0 < b,, + Y,, + b, < 1. The assessment of the given information under considering the following
algorithm of the MAMD problem.

6.11 Algorithm

The following steps of the MADM problem.

Step 1: Construct a decision matrix to cover information about any object in the form of PFVs.

Step 2: Transform the standard decision matrix into a normalized decision matrix if the given
information has two types of information, beneficial and non-beneficial. All attributes should be the same

type before the aggregation process by using the following expressions.

R=(Y,,) = (Brps g D) if beneficial attribute
o ( Bops 13np'f’np) if non — beneficial attribute

If all attributes are the same type, there is no need for this step.

Step 3: By using our invented approaches of the PESSPA, PESSPG, PESSPWA, and PFSSPWG operators.

Step 4: Investigate the score values of all individuals by using definition 5.

Step 5: To choose an appropriate optimal option, rearrange all computed score values obtained by the
proposed methodologies.

Step 5: End.

6.2| Experimental Case Study

In this experimental case, a multinational company wants to hire a general manager. For this purpose,
several applicants applied again for this post. After initial scrutiny, five different applicants are short-listed.
The decision maker evaluates the profile of these candidates under the following characteristics:

hy: academic and professional qualification

h,: Experience

h3: communication skills

Ty4: Personality and quality of the leadership

Some particular degrees assigned to the above-discussed characteristics (0.25,0.35,0.15,025). Decision
makers aggregate given information related to shortlisted applicants based on invented methodologies. To
find an appropriate applicant, the decision maker aggregates the given information by using the steps of
the discussed algorithm of the MADM problem.

6.31 Procedure of the Decision-Making Process

In this section, the author aggregates given information by using proposed aggregation methodologies
like PFSSPA, PFSSPG, PESSPWA, and PESSPWG operators.

Step 1: Firstly, the decision maker acquired information about all applicants in the form of PF

environments and listed them in Table 1.
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Table 1. Shows the PF decision matrix information.
Alternative/Attribute Hy I 3 i
31 (0.35,0.22,0.33) (0.23,0.45,0.31) (0.41,0.10,0.44) (0.32,0.25,0.39)
3, (0.42,0.12,0.29) (0.34,0.12,0.4) (0.5,0.22,0.1) (0.19,0.31,0.43)
B33 (0.23,0.39,0.22) (0.28,0.33,0.35) (0.5,0.27,0.2) (0.35,0.25,0.35)
B4 (0.4,0.11,0.35) (0.11,0.22,0.33) (0.37,0.19,0.42) (0.41,0.17,0.33)
B35 (0.42,0.24,0.31) (0.22,0.3,0.4) (0.22,0.33,0.42) (0.27,0.33,0.31)

Step 2: Given information about all applicants, only one type of attribute, such as beneficial attribute,
so there is no need to transform the standard decision matrix into a normalized decision matrix.

Step 3: For the evaluation of the given information by the PFSSPA and PFSSPG operators, all required
results are listed in Table 2. After aggregating information, findings are drawn in Table 4. Similarly, all

required results for the PESSPWA and PFSSPWG operators are presented in Table 3. Table 4 also covered

outcomes computed by the PESSPWG operator.

Table 2. Shows the values of prioritization.

3
Alternative Score Values & Z £ Gy
a=1
Ql = 06000, @2 _ _ (_El = 04814, GZ
By = 0.4900, ", = 0.6233, ", & 0_22':8 N 0;6801%38; 2.0773 =0.2888,, = 0.1415,C,
= 0.5600 = eIl & = U = 0.0882
™, = 0.6700, ™, I €, = 0.4216,€,
K, = 0.6067,, = 0.7267, ¢, &1 0_410'233 ; 0;6302%552 23718 = 0.2825,G; = 0.1714, G,
= 0.4833 = D09, & = U = 0.1245
™, = 0.5400, ™, I €, = 0.4943, ¢,
ks — 0.5333,(, = 0.6767, ¢, iy 218,88(2) ;_,\0'5’4002;3239 20229 = 0.2669,G; = 0.1424, G,
= 0.5833 = Dot R = = 0.0963
Ql = 0.6467, QZ _ _ (_El = 0.4’587, éz
B, = 05200, ¢, = 0.5867, ¢, &1 0‘313'§§ ; 0;63612'7? 21802 = 0.2966,G; = 0.1542, &,
= 0.6367 = V9009, 8 = U = 0.0905
¢, =0.6233, 0, L €, = 0.4776,C,
ks = 0.5067, ™, = 0.4900, ", é 0 311'§§ N 0;633%:5 2.0939 =0.2977,&, = 0.1508, &,
= 0.5433 = U198 & = U = 0.0739
Table 3. Depicts the values of weighted prioritization.
3
] Score
Alternative Values &5 L/PY-P Z Pp&p (0PN
P=1
®, =0.6000,¢", & =18, lflglzsoo ot €, = 0.4546,C,
= 0.4900, (", = 0.6000, &5 — 02100 1/)232 05499 = 0-3819,C;
=0.6233, 0", =0.2940,¢, = 0'0441’1/;333 ' = 0.0802,G,
— — - Y- » Y4<4 —
= 0.5600 =0.1833 00458 = 0.0833
™, =0.6700,, & =14¢ ‘f1§12500 e €, = 0.4037,6,
= 0.6067, (", = 0.6700, &5 = 0'2345'¢2£2 06103 = 0-3786,C;
=0.7267, ¢, = 0.4065, ¢, - 0.0610'1/)353 ' = 0.0984,G,
= 0.4833 = 0.2954 — 0 Vs =0.1192

= 0.0738
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™, =05400,¢, & =16, lﬁlg.lzsoo e, €, = 0.4709,C,
ke = 0.5333, (", = 0.5400, &5 01890 o 05309 = 0-3560,C;
= 0.6767,¢, =0.2880, ¢, 00432, s = 0.0814,G,
= 0.5833 =0.1949 = 20832 s =0.0918
™, =0.6467,¢, & =14¢, lilg,lzsoo e, G, = 0.4340,6,
ks = 0.5200, ¢, = 0.6467, ;5 022634 05761 = 03929,G;
= 0.5867, ¢, =0.3363, ¢, — 0.0504 s = 0.0876,C,
= 0.6367 =0.1973 = D0%08 Yac = 0.0856
™ =06233,¢, g =1c¢ lﬁ1§12500 Dot F, = 04511 F,
. = 0.5067, ™, = 0.6233, ¢; 0182 1!)282 0554y = 03936,
5 = 0.4900, ¢, =0.3158,¢, _ 0'0474'¢3€3 ' = 0.0855,F,
= 0.5433 =0.1548 = 20a7 s = 0.0698

Step 4: Compute score values of all individuals by using Definition 3, all computed results by the

PESSPA, PESSPG, PESSPWA, and PFSSPWG operators. All acquired results are listed in Table 5.

Table 4. Shows the aggregated values of Schweizer-Sklar prioritized AOs

PFSSPA

PFSSPG

PFSSPWA

PESSPWG

By

(0.3268,0.2175,0.3403) (0.3075,0.2944,0.3483) (0.3121,0.2469,0.3327) (0.2928,0.3231,0.3385)

B,

(0.3945,0.1419,0.2402) (0.3530,0.1669,0.3214) (0.3803,0.1360,0.2778) (0.3449,0.1583,0.3413)

B3

(0.3083,0.3345,0.2502) (0.2730,0.3474,0.2704) (0.2907,0.3385,0.2613) (0.2671,0.3494,0.2828)

B4

(0.3315,0.1457,0.3508) (0.2232,0.1632,0.3546) (0.3098,0.1494,0.3450) (0.1960,0.1684,0.3476)

Bs

(0.3332,0.2730,0.3469) (0.2899,0.2801,0.3571) (0.3278,0.2731,0.3487) (0.2849,0.2793,0.3583)

Table 5. Depicts all investigated score values by our invented approaches.

Alternative/Score values PFSSPA PESSPG PFSSPWA PFSSPWG
o9 0.5897 0.5549 0.5775 0.5437
iy 0.6708 0.6216 0.6555 0.6151
I35 0.5745 0.5517 0.5636 0.5450
34 0.6117 0.5685 0.6051 0.5600
s 0.5711 0.5509 0.5687 0.5491

Step 5: Finally, we rank all the alternatives, determine the best alternative from the above-aggregated

values, and display it in Table 6.

Table 6. Displays the ranking and ordering of AOs.

Aggregation operators

Ranking and ordering

PFSSPA By >y > By > B3 >k
PFSSPG By >y > By > B3 >k
PFSSPWA By > By >y > ks > B3
PFSSPWG By > By > B85 >B3 > 8
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Figure 1 shows the graphical structure of computed score values which are listed in Table 6. We see a
red color lead from all presented colors. So, the second alternative or applicants are more eligible for the

required post.

PFSSPWG
PFSSPWA

PFSSPG

Aggregation Operators

PFSSPA

0.0000 0.1000 0.2000 0.3000 0.4000 0.5000 0.6000 0.7000 0.8000

Score values
ER5 mk4 mi3 mk2 mRE1

Figure 1. Displays the graphical representation of score values listed in Table 6.

6.31 Influence Study

This section shows the effect of different parametric values of the Schweizer-Sklar aggregation tools on
the consequences of proposed aggregation approaches. By setting different parametric values ¢ of the
Schweizer-Sklar aggregation tools, we gained different results of the score values by the PESSPWA and
PFSSPWG operators. Table 7 and Table 8, respectively. From Table 7, the ranking of score values 5, > g3 >
k1 > k4 > &5 remain the same by the PESSPWA operator for all parametric values of the Schweizer-Sklar
aggregation tools. In Table 8, it is demonstrated that the best choice I, remains unaltered when the
parametric value ¢ lies between -1 and —35. After that, a slight variation occurs in the best choice as kg
becomes the best preference. From onward, ranking shows that 55 is the best alternative table 8 also covered
the raking of score valueskz; >ks >k, >k, >k; obtained by the PFSSPWG operators. These

characteristics show the reliability and applicability of the proposed aggregation approaches.

Table 7. Show the effect of parametric value ¢ on PESSPWA

Parametric values Score values Ranking and ordering
=-1 C(k,) > Ck,) > C(y) > C(Bs) > C(gz) By > By >k >k >k
=—15 C(k,) > Ck,) > C(y) > C(Bs) > C(gz) By > By >k >k >k
=-35 C(k,) > Cg3) > C(lgy) > C(By) > C(Bs) B, > B3 >k >k, >k
= —55 C(k,) > Cg3) > C(lgy) > C(By) > C(Bs) B, > B3 >k >k, >k
=-75 C(k,) > Cg3) > C(ly) > C(By) > C(Bs) B, > B3 >k >k, >k

£ =-100 C(k,) > Cg3) > C(y) > C(By) > C(Bs) B, > B3 >k >k, >k

¢ =-135 Cky) > Cg3) > C(y) > C(ky) > C(Bs) By >B3 >k >k, >k
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£ =—-155 C(k,) > Cg3) > C(gy) > C(By) > C(Bs) B, > B3 >k >k, >k
£ =-175 C(k,) > Cg3) > C(lgy) > C(By) > C(Bs) B, > B3 >k >k, >k
£ =-185 C(k,) > Clg3) > C(lgy) > C(By) > C(Bs) B, > B3 >k >k, >k
£ =-200 C(k,) > Cg3) > C(lg) > C(By) > C(Bs) B, > B3 >k >k, >k

Table 8. Show the effect of parametric value ¢ on PESSPWG

Parametric values Score values Ranking and ordering
Z=-1 CBy) > C(zy) > C(lBs) > C(B3) > C(By) By >By >Bs >Bk; >y
£=-15 CBy) > C(gy) > C(lBs) > C(3) > C(By) By >By >Bs >Bk; >k
£ =-35 Ck,) > CBs) > C(lgs) > C(lg3) > C(B) By > By > ks > B3 >k
. =-55 Cks) > Cg3) > C(ly) > C(l3y) > C(B) By >By >k >k, >k
£ =-175 C(ks) > Cgs) > C(y) > C(3y) > C(B) By >Bs >k >k, >k

£ =-100 Cks) > Cgs) > C(By) > C(B) > C(B) By >Bs >k >k, >k
£ =-135 Cks) > Cgs) > C(By) > C(l3) > C(B) By >Bs >k >k, >k
. =—-155 C(g3) > C(Bs) > C(By) > C(By) > C(By) By >Bs >k, >k, >k
¢ =-175 CB3) > C(gs) > C(By) > C(B,) > C(B) By >Bs >k >k, >k
¢ =-185 CB3) > C(gs) > C(y) > C(B,) > C(B) By >Bs >k >k, >k
£ =-200 CBy) > C(g3) > C(lgy) > C(gy) > C(Bs) B3 >Bs >k >k, >k

Figure 2 and Figure 3 portray the graphical behavior of obtained score values by the PESSPWA and
PESSPWG operators, respectively.

0.8000

07000 — ="

% 0.6000 —
= 0.5000

[
;0.4000
§O.3000
v 0.2000

0.1000

0.0000

AV S N N N
&/ &/ &/ &/ &/// &/// &//' &/// &{// &///

Variation in parametric values

—f1 —r]2 53 B4 e———E5

Figure 2. Displays the graphical representation of score values listed in Table 6.
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0.7000

0.6000

_
0.5000 S e—

0.4000

0.3000

Score values

0.2000
0.1000

0.0000
¢=-1 ¢=-15 ¢=-35 ¢t=-55 ¢t=-75 ¢=-100¢t=-135¢=-155¢=-175¢=-185¢=-200

Variation in parametric values
—_—1 2 k3 4 em—lz5

Figure 3. Displays the graphical representation of score values listed in Table 6.

7 | CONCLUSION

The PFS is a more powerful and efficient agnation model to mitigate the impact of unpredictable
information of human opinions. The PFS is the modified version of an IFS and FSs. Several mathematicians
illustrated different aggregation models under different fuzzy domains to handle vague information about
any object of human opinions. The theory of prioritization among different attributes makes decisions very
easy for the decision-maker. The Schweizer-Sklar aggregation tools attained a lot of attraction from
numerous scientists. The main aim of this article is to propose a series of new methodologies under the
system of PF information. We developed some new approaches based on PF information, including
PFSSPA, PESSPG, PFSSPWA, and PESSPWG operators. To expose the applicability and effectiveness of
developed approaches, we discussed some reliable characteristics and particular cases of invented
approaches. One of the most important characteristics of the created operators is their capacity to make the
right choices by removing the impact of erroneous data given by the affected decision-maker by utilizing a
prioritized aggregation operator. A unique strategy for dealing with MADM using PF information has been
shown using the suggested operators. The created technique is used to address a decision-making issue
involving the selection of the most optimal option. Furthermore, the influence of parameter value of the
Schweizer-Sklar aggregation tools on the ranking results computed by established technique.

In the future, we will extend our proposed research work in different fuzzy circumstances like
spherical fuzzy sets [47], t-spherical fuzzy sets [48], Dual Hesitant bipolar fuzzy sets [49], and linear
diophantine fuzzy sets [50]. We also try to resolve complex real-life situations by using our proposed
aggregation approaches, such as computer programming, renewable energy, waste management, and

artificial intelligence.
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